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Abstract
Tailoring Quantum Entanglement of Orbital Angular Momentum
M. McLaren
Department of Laser Physics,
University of Stellenbosch,
Private Bag X1, Matieland 7602, South Africa.
Dissertation: PhDPhys
December 2014
High-dimensional quantum entanglement offers an increase in information capacity per
photon; a highly desirable property for quantum information processes such as quantum
communication, computation and teleportation. As the orbital angular momentum (OAM)
modes of light span an infinite-dimensional Hilbert space, they have become frontrunners
in achieving entanglement in higher dimensions. In light of this, we investigate the poten-
tial of OAM entanglement of photons by controlling the parameters in both the generation
and measurement systems. We show the experimental procedures and apparatus involved
in generating and measuring entangled photons in two-dimensions. We verify important
quantum tests such as the Einstein, Podolsky and Rosen (EPR) paradox using OAM and an-
gle correlations, as well as a violation of a Bell-type inequality. By performing a full state
tomography, we characterise our quantum state and show we have a pure, highly entangled
quantum state. We demonstrate that this method can be extended to higher dimensions. The
experimental techniques used to generate and measure OAM entanglement place an upper
bound on the number of accessible OAM modes. As such, we investigate new methods in
which to increase the spiral bandwidth of our generated quantum state. We alter the shape
of the pump beam in spontaneous parametric down-conversion and demonstrate an effect
v
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on both OAM and angle correlations. We also made changes to the measurement scheme
by projecting the photon pairs into the Bessel-Gaussian (BG) basis and demonstrate en-
tanglement in this basis. We show that this method allows the measured spiral bandwidth
to be optimised by simply varying the continuous radial parameter of the BG modes. We
demonstrate that BG modes can be entangled in higher dimensions compared with the com-
monly used helical modes by calculating and comparing the linear entropy and fidelity for
both modes. We also show that quantum entanglement can be accurately simulated using
classical light using back-projection, which allows the study of projective measurements
and predicts the strength of the coincidence correlations in an entanglement experiment.
Finally, we make use of each of the techniques to demonstrate the effect of a perturbation
on OAM entanglement measured in the BG basis. We investigate the self-healing property
of BG beams and show that the classical property is translated to the quantum regime. By
calculating the concurrence, we see that measured entanglement recovers after encountering
an obstruction.
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Uittreksel
Kwantumverwikkeling van orbitale hoekmomentum
(“Tailoring Quantum Entanglement of Orbital Angular Momentum”)
M. McLaren
Departement van laserfisika,
Universiteit van Stellenbosch,
Privaatsak X1, Matieland 7602, Suid Afrika.
Proefskrif: (PhDPhys)
Desember 2014
Hoë-dimensionele kwantumverstrengeldheid bied ’n toename in inligtingskapasiteit per fo-
ton. Hierdie is ’n hoogs wenslike eienskap vir kwantum inligting prosesse soos kwantum
kommunikasie, berekening en teleportasie. Omdat die orbitale hoekmomentum (OAM) mo-
dusse van lig ’n oneindig dimensionele Hilbertruimte beslaan, het dit voorlopers geword in
die verkryging van verstrengeling in hoër dimensies. In die lig hiervan, ondersoek ons die
potensiaal van OAM verstrengeling van fotone deur die parameters in beide die generering
en meting stelsels te beheer. Ons toon die eksperimentele prosedures en apparaat wat be-
trokke is by die generering en die meet van verstrengelde fotone in twee dimensies. Ons
verifieer kwantumtoetse, soos die Einstein, Podolsky en Rosen (EPR) paradoks vir OAM en
die hoekkorrelasies, sowel as ’n skending van ’n Bell-tipe ongelykheid. Deur middel van ’n
volledige toestand tomografie, karakteriseer ons die kwantum toestand en wys ons dat dit ’n
suiwer, hoogs verstrengel kwantum toestand is. Ons toon ook dat hierdie metode uitgebrei
kan word na hoër dimensies. Die eksperimentele tegnieke wat tydens die generasie en meet
van OAM verstrengeling gebruik is, plaas ’n bogrens op die aantal toeganklik OAM mo-
dusse. Dus ondersoek ons nuwe metodes om die spiraal bandwydte van ons gegenereerde
vii
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kwantum toestand te verhoog. Ons verander die vorm van die pomp bundel in spontane
parametriese af-omskakeling en demonstreer die uitwerking daarvan op beide OAM en die
hoekkorrelasies. Ons het ook veranderinge aan die meting skema gemaak deur die foton
pare op die Bessel-Gauss (BG) basis te projekteer. Ons wys dat hierdie metode die ge-
meetde spiraal bandwydte kan optimeer deur eenvoudig die kontinue radiale parameter van
die BG modes te verander. Ons demonstreer dat BG modusse verstrengel kan word in hoër
dimensies as die heliese modusse, wat algemeen gebruik word, deur berekeninge te maak
en te vergelyk met lineêre entropie en vir beide modusse. Ons wys ook dat kwantumver-
strengling akkuraat nageboots kan word, met behulp van die klassieke lig terug-projeksie,
wat die studie van projeksie metings toelaat en voorspel die krag van die saamval korrelasies
in ’n verstrengeling eksperiment. Ten slotte, gebruik ons elk van die tegnieke om die effek
van ’n storing op OAM verstrengling wat in die BG basis gemeet is, te demonstreer. Ons
ondersoek die self-genesingseienskap van BG bundels en wys dat die klassieke eienskap
vertaal na die kwantum-gebied. Deur die berekening van die konkurrensie (concurrence),
sien ons dat die gemeetde verstrengeling herstel word nadat ’n obstruksie ondervind is.
Stellenbosch University  http://scholar.sun.ac.za
Acknowledgements
I would like to express my gratitude to everyone who provided support throughout the
course of my PhD work. Specifically, I would like to thank the following people:
My supervisors, Prof. Andrew Forbes and Dr. Stef Roux, thank you for all the guid-
ance and support during my PhD. In particular, I am grateful to Andrew for the detailed
discussions and planning of each aspect of my PhD work. I have gained not only valu-
able experimental techniques, but have also learnt the art to expressing one’s work to the
international community, both in journals and at conferences.
I am also grateful to the CSIR National Laser Centre for providing me with opportuni-
ties to conduct this research within our own labs as well as those of our collaborators around
the world.
These collaborators include Prof. Miles Padgett from the University of Glasgow, who
has offered a great deal of support by allowing me to visit his labs to work together with
him and his students, Dr. Jacqui Romero and Daniele Giovannini. Both Jacqui and Daniele
have become great friends, whom I hope to continue to work with in the future. I was also
fortunate to visit the University of Ottawa and work within Prof. Robert Boyd’s group,
which at the time was coordinated by Dr. Jonathan Leach. Much of my experimental
knowledge was gained from Jonathan on my first visit. However, it was during my second
visit, working with Megan Agnew, Xinru Cheng, Eliot Bolduc and Jonathan, that I really
learnt to enjoy my PhD and for that I am truly grateful.
While at the NLC, there were two individuals, Angela (the Doc) and Darryl, who pro-
vided a great deal of support both in and out of the lab. Experimental work is not without
its frustrations, but thanks to Ange and Darryl, I managed to maintain my sanity and come
out the better for it. I look forward to seeing your names in Forbes top 100.
Lastly, I’d like to thank my family and friends for supporting me throughout these years.
ix
Stellenbosch University  http://scholar.sun.ac.za
x ACKNOWLEDGEMENTS
I am grateful to my Dad for enthusiastically supporting my pursuit of this degree, I know
it has been difficult at times, but hopefully it was all worth it. Marko, who has put up with
this journey from the beginning and I am incredibly thankful for all our discussions about
work, family and the future, which kept me motivated throughout.
Stellenbosch University  http://scholar.sun.ac.za
Dedications
To my parents
xi
Stellenbosch University  http://scholar.sun.ac.za
Contents
Declaration iii
Abstract v
Uittreksel vii
Acknowledgements ix
Dedications xi
Contents xii
List of Figures xv
List of Tables xxv
List of Publications xxvii
Peer-reviewed Journal Papers: . . . . . . . . . . . . . . . . . . . . . . . . . . . xxvii
International Conference Papers: . . . . . . . . . . . . . . . . . . . . . . . . . . xxviii
National Conference Papers: . . . . . . . . . . . . . . . . . . . . . . . . . . . . xxviii
Nomenclature xxxi
List of symbols . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xxxi
Acronyms/Abbreviations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xxxii
1 Introduction 1
1.1 History . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Angular momentum of light . . . . . . . . . . . . . . . . . . . . . . . . . 3
xii
Stellenbosch University  http://scholar.sun.ac.za
xiii
1.3 Entangled photon states . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
1.4 Entangled states of OAM . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.5 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2 Experimental methods and apparatus 13
2.1 Spontaneous Parametric Down-conversion . . . . . . . . . . . . . . . . . . 14
2.2 OAM generation and measurement . . . . . . . . . . . . . . . . . . . . . . 17
2.3 Experimental setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.4 Quantum measurements . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
3 Shaping the pump beam 43
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
3.2 Pump shape and SPDC . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
3.3 Experiment and results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
4 Bessel-Gaussian entanglement 51
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
4.2 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
4.3 Back-projection results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
4.4 Down-conversion experiment and results . . . . . . . . . . . . . . . . . . . 63
4.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
5 Self-healing of quantum entanglement 71
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
5.2 Bessel beams . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
5.3 Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
5.4 Measuring the degree of entanglement . . . . . . . . . . . . . . . . . . . . 78
5.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
6 Conclusion 83
6.1 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
Stellenbosch University  http://scholar.sun.ac.za
xiv CONTENTS
Bibliography 89
Stellenbosch University  http://scholar.sun.ac.za
List of Figures
1.1 (a) The superposition of the electric fields of two linearly polarised fields, pi/2
out of phase, produce circularly polarised light. (b) The Poincaré sphere can be
used to represent any polarisation state, where |H〉 and |V 〉 represent horizon-
tally and vertically polarised light, respectively, and |L〉 and |R〉 represent left
and right circularly polarised light, respectively. . . . . . . . . . . . . . . . . . 4
1.2 (a) A Gaussian beam with planar phasefronts does not carry orbital angular
momentum (OAM). (b) A beam with helical phasefronts will carry OAM, the
amount of which is specified by the azimuthal index `. . . . . . . . . . . . . . 5
1.3 Bloch sphere diagram used to describe any orbital angular momentum state
with azimuthal index `. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.4 Laguerre-Gaussian modes have both a radial p and an azimuthal ` component. . 7
2.1 Conservation of momentum and energy in the process of parametric down-
conversion, where k and ω are the wavevectors and frequencies of the respec-
tive photons. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.2 SPDC is the most efficient method for producing entangled photons, however,
the probability of a spontaneous decay into a pair of entangled photons is very
low. Therefore a very sensitive electron multiplier CCD camera is needed to
image the ring of photons. (a) Far-field image of the collinear down-converted
light from the non-linear crystal. (b) Far-field image of the near-collinear down-
converted light from the non-linear crystal. (c) Far-field image of the non-
collinear down-converted light from the non-linear crystal. The change from
non-collinear to collinear requires a very small change in tilt. . . . . . . . . . . 15
2.3 Diagram of a spiral phase plate with step height, hs. . . . . . . . . . . . . . . . 18
xv
Stellenbosch University  http://scholar.sun.ac.za
xvi LIST OF FIGURES
2.4 Generation of a forked hologram used to measure orbital angular momentum
correlations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.5 A spatial light modulator encoded with an azimuthal phase dependence, exp(i`φ),
shapes a Gaussian beam into a helically-phased beam in the first diffraction or-
der. This process also works in reverse such that a helical beam can be con-
verted into a Gaussian beam. . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.6 Generation of an angle hologram used to measure angular position correlations. 20
2.7 (a) Schematic of an entanglement setup. The entangled photon pairs were gen-
erated by the nonlinear crystal, the combination of the spatial light modula-
tors (SLMs) and detectors projected the photon pair into a particular state and
the detection of the pairs was measured with a coincidence counter. (b) Back-
projection schematic, where the nonlinear crystal is replaced with a mirror such
that SLM A is imaged onto SLM B (the imaging details are given in Sec. 2.3.2).
Light from a 710 nm diode laser was coupled into fibre A, where after it was
imaged to SLM A followed by SLM B and then re-coupled into fibre B. . . . . 22
2.8 Experimental setup used to detect the orbital angular momentum eigenstate af-
ter spontaneous parametric down-conversion. The plane of the crystal was relay
imaged onto two separate spatial light modulators (SLMs) using lenses, L1 and
L2 ( f1 = 200 mm and f2 = 400 mm), where the helical modes were selected.
Lenses L3 and L4 ( f3 = 500 mm and f4 = 2 mm) were used to relay image the
SLM planes through 10 nm band-width interference filters (IF) to the inputs
of the single-mode fibres (SMF). Each SMF was connected to an avalanche
photo-diode (APD), which were connected to a common coincidence counter
to measure the simultaneous arrival of a photon in each arm. . . . . . . . . . . 24
2.9 The original Einstein-Podolsky-Rosen paradox, where particles A and B move
away from a source, S. A position measurement (x) on A, predicts the position of
B from their relative positions and a momentum measurement (p) on A predicts
the momentum of B from the conservation of momentum. . . . . . . . . . . . . 26
Stellenbosch University  http://scholar.sun.ac.za
xvii
2.10 Experimental results showing (a) a density plot of the coincidence counts per
second as a function of the azimuthal index ` of the holograms and (b) the non-
zero diagonal elements representing a spiral bandwidth plot. The full-width-
half-maximum of the spiral bandwidth is approximately 15. . . . . . . . . . . 27
2.11 Experimental measurements showing (a) a density plot of the coincidence counts
per second as a function of the orientation of the angular holograms. The holo-
grams on each spatial light modulator were rotated through 2pi . (b) Probability
distribution of the angular position φA for φB = 0, taken along the red dotted
line in (a). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
2.12 Probability distributions for (a) the orbital angular momentum `A for `B = 0 and
(b) the angular position φA for φB = 0 . A Gaussian distribution has been fitted
to both to determine the widths of each plot, which were used to demonstrate
the EPR-Reid criterion. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
2.13 The normalised coincidence counts as a function of the orientation of the holo-
grams on each spatial light modulator (SLM). The orientation of the hologram
on SLM A was fixed while those on SLM B were rotated from 0 to pi . . . . . . 31
2.14 Graphical representation of the (a) real and (b) imaginary parts of the two-
dimensional density matrix. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
2.15 (a) The complete set of measured probabilities for dimension 5. (b) The pure
orbital angular momentum (OAM) states. (c) A sample of the superposition
states. Here, θi denotes the phase difference in the idler arm, from Eq. (2.4.19),
and θs denotes the same in the signal arm. The OAM states separated by a
comma denote `1, `2 as in Eq. (2.4.19), while the single states denote ` as in
Eq. (2.4.18). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
2.16 The density matrices for even dimensions 2 through 6. The axes for dimen-
sion 2 are labelled, and the higher dimensions follow the same convention.
For example, the labels for the d = 4 case would read 〈2,2| ,〈2,1| ,〈2,−1| , ...
and |−2,−2〉 , |−2,−1〉 , |−2,1〉, etc., where we use the convention |`s, `i〉 to be
equivalent to |`〉s |`〉i. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
Stellenbosch University  http://scholar.sun.ac.za
xviii LIST OF FIGURES
2.17 (a) Linear entropy and (b) fidelity as a function of dimension. The error for
both of these measurements is ±0.01, which is too small to be seen clearly on
the graphs. In each case, the blue points represent the measured data, while
the red shaded area represents the states that will not violate the appropriate
high-dimensional Bell inequality. . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.1 Experimental setup for spontaneous parametric down-conversion. The pump is
shaped by a cover slip thereby introducing a pi-phase shift to half of the out-
putted Gaussian beam. The orbital angular momentum or angular position of
signal and idler photons are measured by programming the spatial light modu-
lator with either a forked diffraction grating or an angular slit respectively. . . . 48
3.2 Orbital angular momentum (OAM) and angular position correlations. Since
the pump is in a superposition of odd OAM states, with |1〉 and | − 1〉 mak-
ing the largest contribution, from theory, we expect the coincidences to be high
when `s + `i = ±1 (a). Apart from an almost uniform background (there is no
background subtraction in this result), this is supported by the OAM correla-
tions we obtain from our experiment (b). The angular position correlations also
reflect the shape of the pump, and in theory can be obtained via the Fourier
relationship between OAM and angular position. From the OAM correlations
in (a), we expect the modulated coincidence in (c). Coincidence is high along
the diagonal when φs = φi, but with minima corresponding to the position of
the phase discontinuity in the pump. Apart from some background counts, our
experiment results support this (d). . . . . . . . . . . . . . . . . . . . . . . . . 49
4.1 Comparison of the orbital angular momentum (OAM) spectra for the helical
modes (kr = 0) and Bessel-Gaussian modes (kr = 20,40,60,80 rad/mm) using
Eqs. (4.2.14) and (4.2.13), respectively, with ω0 = 0.5 mm and ω1 = 0.23 mm.
The number of usable OAM modes increases with the radial wavevector kr. . . 56
Stellenbosch University  http://scholar.sun.ac.za
xix
4.2 (a) Phase pattern used to define an axicon of kr = 21 rad/mm and ` = 1. (b)
CCD image of a Bessel-Gaussian beam generated from a blazed axicon func-
tion of kr = 21 rad/mm and `= 1 at the plane of the crystal. (c) Density plot of
the single count rates measured in back-projection for different blazed axicon
phase patterns; varying kr with `= 0. (d) Density plot of the single count rates
measured in back-projection for a particular blazed axicon; kr = 21 rad/mm and
varying `. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
4.3 (a) Formation of a Bessel-Gaussian (BG) beam by directing a Gaussian beam
on a standard axicon. No rings are seen in the plane of the dotted line (1) (cor-
responding to the plane immediately after the spatial light modulator (SLM))
as the BG beam has not yet formed. At plane (2) the interfering plane waves
produce a well-defined BG beam after propagating a distance z0. (b) Formation
of a Bessel-Gaussian mode by directing a Gaussian beam on a binary axicon.
A BG-like beam is observed immediately after the SLM due to the interference
of the diffraction orders, m =±1, of the binary hologram. . . . . . . . . . . . . 60
4.4 (a) Phase pattern at the plane of the spatial light modulator (SLM) to define a
binary axicon of kr = 21 rad/mm and ` = 1. (b) Bessel-Gaussian (BG) beam
formed at the plane of the mirror (crystal) by a binary axicon function of kr = 21
rad/mm and ` = 1 with a Gaussian input. (c) Density plot of the single count
rates measured in back-projection for different binary axicon phase patterns;
varying kr with ` = 0. The photons from SLM A assume a value of either
positive or negative kr from the binary function. SLM B was encoded with the
same function, which allowed BG modes of either positive or negative radial
wavevectors to be converted to a Gaussian mode. (d) Density plot of the single
count rates measured in back-projection for a particular binary axicon; kr = 21
rad/mm and varying `. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
Stellenbosch University  http://scholar.sun.ac.za
xx LIST OF FIGURES
4.5 (a) Phase pattern at the plane of the spatial light modulator to define a bi-
nary Bessel function of kr = 21 rad/mm and ` = 1. (b) Bessel-Gaussian beam
formed at the plane of the mirror (crystal) by a binary Bessel function of kr = 21
rad/mm and ` = 1 with a Gaussian input. (c) Density plot of the single count
rates measured in back-projection for different binary Bessel phase patterns;
varying kr with ` = 0. (d) Density plot of the single count rates measured in
back-projection for a particular binary Bessel function; kr = 21 rad/mm and
varying `. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
4.6 Experimental setup used to detect the orbital angular momentum eigenstate af-
ter spontaneous parametric down-conversion. The plane of the crystal was relay
imaged onto two separate spatial light modulators (SLMs) using lenses, L1 and
L2 (f1 = 200 mm and f2 = 400 mm), where the Bessel-Gaussian modes were
selected. Lenses L3 and L4 (f3 = 500 mm and f4 = 2 mm) were used to relay
image the SLM planes through 10 nm bandwidth interference filters (IF) to the
inputs of the single-mode fibres (SMF). . . . . . . . . . . . . . . . . . . . . . 63
4.7 Comparison of the measurements recorded in back-projection, (a) & (b), with
those taken in down-conversion mode, (c) & (d). Density plots (a) and (c) both
illustrate similar patterns for the measurements taken with ` = 0 and varying
kr. The orbital angular momentum correlations are displayed in (b) & (d) for
kr = 21 rad/mm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
4.8 Graph of the measured coincidence count rate as a function of orbital angu-
lar momentum for four different measurement schemes. The Bessel-Gaussian
measurements were all measured for kr = 21 rad/mm. The empty orange cir-
cles represent the measurements recorded for helical modes. The blue squares
represent the measurements recorded using a blazed axicon function. The bi-
nary axicon function is represented by the green triangles and the measurements
from the binary Bessel function are illustrated by red circles. . . . . . . . . . . 65
Stellenbosch University  http://scholar.sun.ac.za
xxi
4.9 (a) Density plot of the modal spectrum in the Bessel-Gaussian basis for kr and
`. The efficiency of the coincidence count rate decreases as kr, however the full-
width-half-maximum of the bandwidth increases with kr, seen more clearly in
(b). The coloured dashed lines in (a) correspond to the profiles plotted in (b)
for kr = 0 rad/mm (red), kr = 21 rad/mm (purple) and kr = 35 rad/mm (green). 66
4.10 Effect of the radial wavevector on the Schmidt number. For kr = 0, the trans-
mission function corresponds to that of a vortex mode. An increase in the
number of available orbital angular momentum modes is observed as the radial
component is increased. The experimental measurements (red dots) together
with a theoretical prediction (solid blue line) are plotted for ω0 = 0.5 mm and
ω1 = 0.23 mm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
4.11 Sinusoidal behaviour of the normalised coincidence counts as a function of the
angular position of the holograms, for `=±1 subspace at positions θA = 0 rad
(blue), pi/4 rad (pink), pi/2 rad (green) and 3pi/4 rad (yellow). The insets show
the holograms used for θA = 0 rad and θA = pi/4 rad, where the phase varies
from 0 (black) to pi (white). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
4.12 Results from a full quantum state tomography of a Bessel-Gaussian (BG) mode
with kr = 21 rad/mm. (a) & (b) Graphical representation of the real part of
the density matrix for dimension d = 2 and d = 5, respectively. (c) Linear
entropy and (d) fidelity as a function of dimension. The red triangles represent
the measured data for the azimuthal modes, the green squares represent the
measured data for the BG modes and the blue circles represent the threshold
states in Eq. (13). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
5.1 Self-healing property of Bessel-Gaussian (BG) beams. The BG beam is gener-
ated using a computer-generated hologram of an axicon (yellow triangle) and
exists in a finite region, zmax (pink diamond). An obstacle placed in the centre
of the BG region (black rectangle) obstructs the beam for a minimum distance,
zmin (grey triangle), after which the BG field reforms. The insets display the
expected image of the beam at four different planes. . . . . . . . . . . . . . . 74
Stellenbosch University  http://scholar.sun.ac.za
xxii LIST OF FIGURES
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5.5 Effect of an obstacle on the coincidence count rate. Measured coincidence
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Chapter 1
Introduction
One of the most astonishing features of quantum mechanics is that of the entanglement of
particles. A great deal of work investigating the properties of entanglement of two photons
has been performed, initially focused on two-dimensional entanglement of polarisation.
However, high-dimensional entanglement is of greater interest to most quantum information
processes and thus the infinite-dimensional orbital angular momentum (OAM) has become
the preferred basis in which to measure entanglement. In this chapter, we introduce the
concept of quantum entanglement by highlighting its origins, development and the current
state of OAM entanglement. We focus particularly on entanglement in the OAM basis,
briefly discussing existing studies and central issues encountered in the field.
1
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1.1 History
First introduced as an objection to quantum mechanics by the famous Einstein, Podolsky
and Rosen (EPR) thought experiment [1], entanglement represents the notion of non-local
quantum correlations between two or more quantum-mechanical systems. That is, for an
entangled pair of particles the measurement of an observable for one particle immediately
determines the corresponding value for the other particle, regardless of the distance between
the two particles. This property of entangled systems led to a number of implications that
disturbed many scientists and resulted in the emergence of hidden variable theories, of
which Einstein was a strong proponent. Local hidden variable theory assumes that nature
can be described by local processes, where information and correlations propagate at most
at the speed of light and where the observables of a physical system are determined by some
unknown (hidden) variables.
It was not until the 1960s, when Bell’s inequality and its generalization, Clauser-Horne-
Shimony-Holt (CHSH) Bell’s inequality [2], demonstrated the possibility of practical exper-
iments to test the validity of quantum theory with respect to local hidden variable theories.
A slew of experiments followed to test Bell’s inequality, each of which violated the in-
equality and in turn verified quantum mechanical predictions of entanglement [3; 4; 5; 6].
These results encouraged the search for a method of producing maximally entangled states.
Spontaneous parametric down-conversion (SPDC) has proved to be the most efficient tech-
nique in generating two-particle entanglement. Shih and Alley were the first to demonstrate
a violation of Bell’s inequality using SPDC generated photon pairs [7].Two-dimensional
polarisation entanglement has been employed for quantum cryptography [8].
This was the start of various polarisation-entanglement experiments, however, in 2001
it was shown that orbital angular momentum (OAM) could not only be used as a basis for
entanglement but more importantly provided an advantage over polarisation with regard to
the number of states available [9]. Spatial modes possessing OAM have been studied of-
ten in recent years because of the infinite-dimensional alphabets they can possibly provide.
In particular, the OAM modes of a photon are a very good avenue for exploring higher
dimensions [10]. Quantum mechanics in higher dimensional systems has the potential of
revolutionising quantum communication and computation protocols. As an example, quan-
tum cryptography using qudits (systems in which there are d orthogonal states) has been
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shown to be more secure and robust in the presence of noise [11; 12; 13].
OAM is steadily being considered as a quantum resource for entanglement concentra-
tion [14], quantum coin tossing [15] and (when coupled with spin) quantum teleportation
protocols [16; 17; 18]. The potential of OAM entanglement is enormous, however a num-
ber of related issues need to be understood and solved before we can take full advantage of
these spatial modes.
1.2 Angular momentum of light
Maxwell’s equations in the early 1860s demonstrated that electromagnetic waves travelled
at the speed of light and consequently showed that light must be a manifestation of the
electromagnetic field [19]. Building upon that work, the mechanical effects of light were
highlighted in the form of radiation pressure or linear momentum [20]. We now know that
light carries a linear momentum of h¯k per photon, where h¯ = h/2pi and the wavenumber
k = 2pi/λ for the wavelength λ and Planck’s constant h. However, light also carries angular
momentum, which is simply related to linear momentum by L = r×p, with the particle’s
position from the origin given by r and its linear momentum by p = mv. In the parax-
ial approximation, the angular momentum of light can be separated into two independent
components: spin angular momentum (SAM) and orbital angular momentum (OAM).
1.2.1 Spin-angular momentum
Angular momentum associated with circularly polarised light is known as spin angular mo-
mentum and is quantified by ±h¯ per photon. The more well-known of the two angular
momenta, SAM was first acknowledged by Poynting [21] in 1909 who assumed that circu-
larly polarised light, when passed through a quarter waveplate, would exert a torque on the
plate causing it to rotate. This concept was experimentally realised in 1936 when Beth [22]
used polarised light to rotate a suspended birefringent waveplatet.
The direction of the electric field oscillation of light as it propagates, specifies the type
of polarisation. For linearly polarised light, the field oscillates in a single plane, whereas the
field rotates about the propagation axis for circularly polarised light. Figure 1.1(a) illustrates
the oscillations of linear and circular polarised fields. The direction of the rotation specifies
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Figure 1.1: (a) The superposition of the electric fields of two linearly polarised fields, pi/2 out of
phase, produce circularly polarised light. (b) The Poincaré sphere can be used to represent any po-
larisation state, where |H〉 and |V 〉 represent horizontally and vertically polarised light, respectively,
and |L〉 and |R〉 represent left and right circularly polarised light, respectively.
the handedness of the circular polarisation; clockwise specifies right-handed, anti-clockwise
specifies left-handed circularly polarised light. Any polarisation state can be represented in
a convenient graphical manner using the Poincaré sphere, shown in Fig. 1.1(b).
According to this representation, the two circularly polarised states lie at the north
(right-handed) and south (left-handed) poles. Linearly polarised states lie on the equator,
while the states which lie between the poles and equator represent elliptical polarisation.
The circular polarisation states can be written as superpositions of linear states and vica
versa. More generally, any state on the Poincaré sphere can be written as a superposition of
two other states on the sphere.
1.2.2 Orbital Angular Momentum
The other component of angular momentum has only recently been exploited experimen-
tally. In 1992, Allen [23] demonstrated that beams with helical phase fronts result in an
azimuthal component to the Poynting vector (gives the direction and magnitude of mo-
mentum flow), which produces OAM parallel to the beam axis. The momentum circulates
around the beam axis, while along the beam axis the phase is undefined and known as a
phase singularity, which results in destructive interference and zero intensity at that centre
point. Helically phased beams possess an azimuthal phase dependence of exp(i`φ), where
the azimuthal phase index ` represents the number of azimuthal phase rotations in one full
cycle from 0 to 2pi and φ is the angular coordinate. Figure 1.2 illustrates the difference in
the phase of a beam carrying OAM and one without. Interestingly, like SAM, the OAM
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Figure 1.2: (a) A Gaussian beam with planar phasefronts does not carry orbital angular momentum
(OAM). (b) A beam with helical phasefronts will carry OAM, the amount of which is specified by
the azimuthal index `.
of helically phased beams is in units of h¯; that is `h¯ per photon, where ` is any positive or
negative integer.
An analogy between polarisation and OAM can be made using the Poincaré sphere and
its equivalent, the Bloch sphere [24] shown in Fig. 1.3. Any OAM state can be represented
on the surface of an equivalent sphere, known as the Bloch sphere. The north and south
poles of the sphere represent the states |`〉 and |−`〉 (using Dirac notation), while the points
around the equator, θ = pi/2, represent the superposition states. Any vector |q〉 on the
sphere can be described using the spherical co-ordinates θ and φ by
|q〉= cos
(
θ
2
)
|`〉+ exp(iφ)sin
(
θ
2
)
|−`〉 . (1.2.1)
The rotation of a particle from transferred polarisation shown by Beth can also be gen-
erated from OAM. In 1995, it was shown that by directing an OAM carrying beam onto
graphite particles they would rotate [25]. Instead of passing light through the particle, as
with polarisation, the graphite particles absorbed the light and its OAM. While SAM causes
the particle to rotate on its own axis, OAM causes the particle to orbit around the beam axis.
This property has been used in optical tweezers to manipulate and rotate mircomachines for
the use in microfluidics [26].
A common example of helically phased beams is the Laguerre-Gaussian (LG) modes
Stellenbosch University  http://scholar.sun.ac.za
6 CHAPTER 1. INTRODUCTION
Figure 1.3: Bloch sphere diagram used to describe any orbital angular momentum state with az-
imuthal index `.
[27], a complete basis set of orthonormal modes:
LGpl =
√
2p!
pi(p+ |`|)!
1
w(z)
[
r
√
2
w(z)
]
exp
[ −r2
w2(z)
]
L|`|p
(
2r2
w2(z)
)
exp[i`φ ]
×exp
[
ik0r2z
2(z2+ z2R)
]
exp
[
−i(2p+ |`|+1)arctan
(
z
zR
)]
. (1.2.2)
where ` and p are the azimuthal and radial mode indices, respectively. The 1/e radius of
the Gaussian term is given by w(z) = w(0)
[(
z2+ z2R
)
/z2R
]1/2 with the beam waist w(0),
zR is the Rayleigh range, arctan(z/zR) is the Guoy phase and L
|`|
p (x) represents a Laguerre
polynomial. The intensity distribution of an LG mode with ` > 0, consists of a zero on-axis
intensity surrounded by p+1 concentric rings. The radius of maximum intensity for such
modes is proportional to
√
` for p = 0. Figure 1.4 illustrates a set of LG modes.
LG beams can be generated experimentally using a computer-generated hologram. By
considering only the azimuthal phase term of Eq. (1.2.2), a good approximation to an LG
beam can be created, which we refer to as a helical beam. These helical modes are com-
monly used in experiments and will be used throughout this thesis, unless otherwise stated.
OAM is not a unique property to LG beams and is found in both higher-order Bessel-
Gaussian (BG) beams [28] and Ince-Gaussian beams [29]. These modes can also be gen-
erated using specific holograms, allowing OAM entanglement to be studied using modes
other than those in the LG basis.
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Figure 1.4: Laguerre-Gaussian modes have both a radial p and an azimuthal ` component.
1.2.3 Angular position and OAM
The conjugate variable of OAM is angular position [30; 31] and the Fourier relationship
between them can be written as
A` =
1√
2pi
∫ pi
−pi
Ψ(φ)exp(−i`φ)dφ , (1.2.3)
Ψ(φ) =
1√
2pi
∞
∑
`=−∞
A` exp(i`φ), (1.2.4)
where A` are the amplitudes of the OAM states and Ψ(φ) is the azimuthal dependence of
the corresponding complex beam amplitude [32].
Although an analogy between the linear and angular position-momentum Fourier rela-
tionships can be made, there are important differences. Firstly, the position, x, and momen-
tum, p, variables are continuous and range from −∞ to ∞. An angular function, Ψ(φ) is
continuous, but is also 2pi cyclic. This 2pi periodicity has led to discussion over whether
or not angle can be an observable in quantum mechanics (a periodic function has an ill-
defined standard deviation). For our purposes it is sufficient to bound the function within
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the region ±pi . The periodic nature of angle is the reason that the OAM eigenstates ` are a
discrete series of integers. Although light can have a fractional net OAM, it can always be
expressed in terms of the integer OAM eigenstates. In 2008, Jha et al. demonstrated that
the Fourier relationship between angle and OAM was not only valid for classical light but
also for entangled photon pairs [33].
1.3 Entangled photon states
An entangled state can be simply viewed as two states which are inseparable. If we consider
two subsystems A and B of a pure state |ψ〉, then the state can be written as
|ψ〉= |i〉A | j〉B , (1.3.1)
where {|i〉} and {| j〉} are orthonormal bases of A and B, respectively. This state is not
entangled; it is merely a product of the two systems, allowing the properties of each system
to be separated. A superposition state of the form of Eq. (1.3.1) is given as,
|ψ〉=∑
i, j
ci j |i〉A | j〉B . (1.3.2)
Here ci j represents the expansion coefficients and ∑i, j
∣∣ci, j∣∣2 = 1. This formalism is known
as the Schmidt decomposition. The Schmidt basis depends on the quantum state and must
be calculated in each case. If the state cannot be separated into a product of the two systems
A and B, it is entangled. For example, the following superposition state is entangled:
|ψ〉= 1√
2
(|i〉A | j〉B±| j〉A |i〉B) . (1.3.3)
Both Eq. (1.3.2) and (1.3.3) represent a two-photon state, where each photon can carry bits
of information, the number of which depends on the basis used.
When states lose phase coherence between the bases, they also lose their degree of
entanglement. The degree of entanglement of any quantum system can be characterised by
calculating the two-photon density matrix:
ρ = |ψ〉〈ψ| . (1.3.4)
In order for this matrix to be physically allowed, it must have positive eigenvalues and a
trace equal to unity. Eq. (1.3.4) is only true for pure quantum states. Quantum systems
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including mixed states use a more general density matrix:
ρ =∑
n
pn |ψn〉〈ψn| , (1.3.5)
where pn is the probability that the system is in state |ψn〉. The density matrix allows various
measurements to be calculated, which describe the quantum state, such as linear entropy,
fidelity and concurrence. These will be defined in Sec. 2.4.3.
The amount of information carried per photon is dependent on the basis in which the
quantum state is measured. A qubit system can carry at most only two bits of information
per photon. For example, polarisation entangled photons consist of two states, horizontal
(|H〉) or vertical (|V 〉), and the superpositions thereof. The polarisation basis is therefore an
example of an entangled two-photon qubit state, written as
|ψ〉= 1√
2
(|H〉A |V 〉B±|V 〉A |H〉B) . (1.3.6)
Early studies of entangled states of light focused on polarisation-based experiments. In par-
ticular, Aspect et al. demonstrated an effective method in which to violate Bell’s inequality
and thus discounting local hidden-variable theories [5; 6]. The first quantum teleportation
experiment was also achieved using polarisation entangled photons [17].
Despite the success of the polarisation states, a need for increased information capacity
per photon resulted in a search for a qudit system, where d bits of information could be
carried per photon. This progression naturally led to investigations into entanglement in the
OAM basis, where high-dimensional entanglement was not only possible but achievable
too. Although these orthogonal modes have a clear advantage over polarisation, they also
introduce new experimental challenges, which we aim to investigate in this work.
1.4 Entangled states of OAM
The simplest method of generating entangled photons is via SPDC, where a single photon
incident on a non-linear crystal produces two photons of half the original wavelength, which
are entangled. Historically, the two entangled photons have been given the names signal and
idler. These down-converted photons also possess the property of OAM and the seminal
paper by Mair et al. [9] was the first experiment to demonstrate conservation of OAM
in the down-conversion process. They consequently showed entanglement involving these
Stellenbosch University  http://scholar.sun.ac.za
10 CHAPTER 1. INTRODUCTION
modes. That is, the OAM of the entangled photon pair must sum to the OAM of the pump:
m = `s+ `i. (1.4.1)
Here m is the OAM carried by the pump photon and `s,i is the OAM of the signal and
idler photons, respectively. The Schmidt decomposition [34] for the OAM states can be
represented using the LG basis. The two-photon state can then be written as:
|ψ〉=
∞
∑
ps,i=0
∞
∑
`=−∞
cps,i` |`, ps〉 |m− `, pi〉 , (1.4.2)
where |cps,i` |2 is the probability of finding one photon in state |`, ps〉 and the other in state
|m− `, pi〉. Most experiments focus on the azimuthal component of the LG modes as it is
typically easier to measure than the radial component. Thus, we ignore the radial compo-
nents of the LG basis and write the two-photon state for OAM as
|ψ〉= ∑`c` |`〉 |m− `〉 , (1.4.3)
where |c`|2 is the probability of finding one photon in state |`〉 and the other in state |m− `〉.
As ` can assume any integer value, OAM entanglement represents a qudit system where, in
principle, each photon can carry an infinite amount of information.
OAM entanglement became a priority for many groups due to its potential for increased
information capacity per photon. A violation of Bell’s inequality is a significant experi-
ment in which to test for quantum correlations. Polarisation-entangled photons had already
demonstrated such a violation [5; 35]. By using the analogy between polarisation and OAM
from the Bloch sphere, Leach et al. [36] succeeded in violating a CHSH-Bell inequality for
different OAM subspaces (the details of which are discussed in Chap. 2). This violation
distinguishes quantum correlations from classical correlations.
Determining the degree of entanglement of a quantum state is crucial for quantum ap-
plications such as quantum communication. Thus, upon discounting the hidden-variable
theory, the density matrix of the state was reconstructed using a method of full state to-
mography to allow full characterisation of the quantum state [37]. Although performed in
the OAM basis, these results were obtained for a two-photon qubit system and had not yet
quantified high-dimensional entangled systems.
Yet the advantage in measuring entanglement in the OAM basis is the access to more
than two states, which is the limiting factor in the polarisation basis. In 2011, high-
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dimensional entanglement was demonstrated through violations of Bell-type inequalities
up to dimension d = 12 [10]. This was an important step in realising quantum infor-
mation protocols such as teleportation [16] and quantum key distribution protocols [38].
High-dimensional entanglement requires access to higher-order OAM modes. Theoreti-
cally, these modes are attainable, however there are many experimental elements which
have a considerable effect on the number of accessible OAM modes. These include both
the length [39] and orientation [40; 41] of the non-linear crystal, as well as the mode sizes
of the pump, signal and idler photons [42].
While the success of OAM entanglement is evident, the measurements thus far have
only used helical modes (phase-only approximation to the LG modes). However, it has
been shown that the inclusion of the radial modes has a significant effect on the number
of accessible OAM modes [43]. The challenge in including the radial modes lies in the
hologram required to measure the OAM states. There are no devices that allow the control
of amplitude and phase of light, resulting in clever manipulation of phase-only devices to
vary amplitude as well [44]. The diffraction efficiency is drastically reduced when using
these phase-amplitude holograms, which can be an issue when recording measurements at
the single photon level.
Additionally, the feasibility of quantum communication relies on the ability of OAM
entangled states to propagate in free-space. Polarisation modes can be propagated over
a distance using fibres [45]. Presently, however, fibres do not support the propagation of
OAM modes, leaving the alternative option of free-space propagation. However, OAM
modes suffer distortion due to the scintillation process while propagating through a turbulent
medium [46]. There has therefore been a great deal of work both theoretically [47; 48;
49] and experimentally [50; 51; 52] in understanding the effects of turbulence on OAM
entanglement. Typically, these effects are examined for weak turbulence [47; 50], while the
predictions of strong turbulence are somewhat more challenging to investigate [53].
1.5 Outline
This thesis is structured as follows. In Chapter 2 we discuss how the OAM-entangled pho-
ton pairs are generated via SPDC and describe in detail the experimental setup used to
measure and characterise OAM entanglement. We use the experimental setup to perform a
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demonstration of an EPR-type paradox and test local hidden-variable theories by showing a
violation of a Bell-type inequality. We also investigate high-dimensional entanglement and
describe a method in which to characterise the qudit systems using state tomography.
Chapter 3 introduces a manner in which to engineer our entangled system by looking
at the effect of the pump mode on the OAM-entangled photon pair. By using a simple
technique to shape the pump mode, we investigate the effect of a phase-flipped Gaussian
mode, which can be approximated as a Hermite-Gaussian (HG) beam. We look at the
measurements made in the OAM basis as well as its conjugate variable, angular position.
Chapter 4 tackles the challenge of increasing the number of accessible OAM modes
by changing the measurement basis from LG to BG modes. We describe the two-photon
optics of BG entanglement by studying three different methods in which to measure OAM
entanglement in the BG basis. We show that the quantum correlations in each method can
be accurately predicted using a classical light source. By choosing one particular method,
we show that the number of accessible OAM modes can be increased in the BG basis. We
extend this concept by characterising our BG entanglement using full state tomography. We
show that the increase in accessible OAM modes directly results in the ability to entangle in
higher dimensions when compared with the LG basis, thereby increasing the potential for
many quantum information processes.
In chapter 5, we introduce a perturbation to our BG entanglement system by placing an
obstacle in the propagation path. We use the self-healing property of BG modes to recover
the measured entanglement after the obstacle.
Finally,we conclude my thesis by summarising the contributions we have made to the
field of OAM entanglement and discussing our future work within this field.
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Experimental methods and
apparatus
The spatial orbital angular momentum (OAM) modes of entangled photon pairs are investi-
gated in light of their potential for high-dimensional entanglement. We thoroughly examine
the methods used to generate, measure and characterise entangled OAM states by perform-
ing the first entanglement experiment in South Africa. We highlight the experimental chal-
lenges contained within each step and provide practical techniques for future experiments
in the quantum regime.
13
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Figure 2.1: Conservation of momentum and energy in the process of parametric down-conversion,
where k and ω are the wavevectors and frequencies of the respective photons.
2.1 Spontaneous Parametric Down-conversion
The most commonly used and most efficient method of producing entangled photon pairs
is that of spontaneous parametric down conversion (SPDC). First introduced as parametric
noise or fluorescence [54; 55], this non-linear optical process decays a pump photon into
two photons (signal and idler) in a crystal of optical non-linearity, χ2. Both energy and
momentum are conserved in this decay process (see Fig. 2.1), also known as the phase
matching conditions:
ωp = ωs+ωi, (2.1.1)
and
kp = ks+ki. (2.1.2)
Here, ωp,ωs,ωi and kp,ks,ki are the frequencies and wavevectors of the pump, signal and
idler photon, respectively. Due to these conditions, the measurement of one photon in a
particular direction and energy, forces the existence of the other correlated photon of definite
energy and direction.
Initially, SPDC was not used as a source for entanglement measurements. However,
Burnham and Weinberg [56] noted the simultaneous arrival of photon pairs at separate de-
tectors (referred to as a coincidence count), thereby verifying the quantum mechanical de-
scription of SPDC. Nonetheless, entanglement experiments continued to use photons gen-
erated from cascade atomic decays using calcium [3; 5; 6; 57] and mercury [4; 58] atoms.
This method of generation was problematic in that the entangled photons were randomly
emitted over a full solid angle, causing the collection of the entangled photons to be very dif-
ficult. The time of emission of the photons was also unknown in such schemes. The phase
matching conditions of SPDC forced the generation of photon pairs in specific directions
within a narrow cone of light. Shih and Alley were the first to use SPDC to demonstrate
Stellenbosch University  http://scholar.sun.ac.za
2.1. SPONTANEOUS PARAMETRIC DOWN-CONVERSION 15
Figure 2.2: SPDC is the most efficient method for producing entangled photons, however, the prob-
ability of a spontaneous decay into a pair of entangled photons is very low. Therefore a very sensitive
electron multiplier CCD camera is needed to image the ring of photons. (a) Far-field image of the
collinear down-converted light from the non-linear crystal. (b) Far-field image of the near-collinear
down-converted light from the non-linear crystal. (c) Far-field image of the non-collinear down-
converted light from the non-linear crystal. The change from non-collinear to collinear requires a
very small change in tilt.
polarisation entanglement in 1988, where they observed EPR type correlations and demon-
strated a violation of Bell’s inequality [7]. Entangled photon generation via SPDC has since
been used to measure additional properties such as phase [59], time and energy [60], lin-
ear momentum and position [61] and in particular the orbital angular momentum (OAM)
modes of photons [36]. Throughout this thesis we examine only OAM entangled photons
generated from SPDC.
2.1.1 SPDC characterisation
There are two types of SPDC, namely type I and type II. In type I, the down-converted
photons are produced with the same polarisation, orthogonal to that of the pump. Photons
of the same wavelength are emitted on concentric cones centred around the pump axis of
propagation. The diameter of the cone depends on the angle between the pump beam and
the optical axis of the crystal. Type II SPDC emits one photon with the same polarisation
as the pump and the other with orthogonal polarisation. In both cases, the process is said to
be degenerate if the down-converted photon pair have the same wavelength (i.e. λi = λs =
2λp) and non-degenerate otherwise. We use type I, degenerate down-conversion for all our
experiments presented in this thesis.
SPDC can be further characterised into collinear and non-collinear processes, depend-
ing on the position of the optic axis relative to the pump, shown in Fig. 2.2. By simply
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changing the tilt of the crystal, a phase mismatch occurs causing the opening angle of
SPDC to change, moving from non-collinear to collinear down-conversion, allowing an
optimal position to be found depending on the application [40]. Romero et al. found that
even small variations to the angular orientation of the crystal of approximately 1/20 of a
degree can affect the number of usable OAM modes detected [41]. The intensity profile of
the far-field down-converted light follows the function:
I(r) = sinc2
(
ar2
f 2
+α
)
, (2.1.3)
where f is the focal length of the Fourier lens with radial coordinate r. The phase-matching
parameter establishes the opening angle of SPDC and is given by α =(|kp|− |ks|− |ki|)L/2,
and a= (|ks|+ |ki|)L/4n2, for refractive index n and crystal length L [41]. The propagation
of light through an optical system can be described by étendue, which when normalised to
the wavelength λ , gives an estimate of the number of detectable transverse modes, written
as [62]
N =
AΩ
λ 2
. (2.1.4)
Here, A is the area of the near-field beam and Ω is the far-field opening angle. By choosing
to measure OAM entanglement in the near-field, A is effectively constant. Thus, as α is
changed from collinear to near-collinear, the opening angle Ω increases, yielding a larger
number of usable OAM modes. Our early experiments were performed for non-collinear
down-conversion, however following the work by Romero et al. [41], we altered our setup
to near-collinear down-conversion to increase the number of usable OAM modes measured.
2.1.2 Spiral Bandwidth
The quantum spiral bandwidth was first coined by Torres et al. in 2003 and refers to the
number of OAM modes [39]. A large spiral bandwidth is important for quantum informa-
tion processes where high information capacity per photon is required [12; 63; 64]. We can
describe this term further by defining the number of OAM modes generated in SPDC as the
generation spiral bandwidth, which is dependent on both the size of the pump beam and the
length of the non-linear crystal [39; 65]. An increase in the pump beam size or a decrease
in the thickness of the crystal produces a wider spiral bandwidth [42]. The radial intensity
distribution of helical modes increases with
√
`, thus the size of the pump waist determines
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the highest OAM mode achievable. Thus a larger pump waist is favourable over a tightly
focused spot. The phase matching conditions of SPDC can also be manipulated to produce
a larger spiral bandwidth [40; 41] An analytical description of the complete OAM spectrum
as generated by SPDC was calculated from the measured visibility in a Hong-Ou-Mandel
type interferometer [40]. This experiment demonstrated for the first time that the full gener-
ated bandwidth could be measured without experiencing effects from the measurement and
detection apparatus.
This leads us to the number of OAM modes that can be physically measured, known as
the measurement spiral bandwidth. Both the generation spiral bandwidth and the efficiency
of the detection scheme affect the final measurement bandwidth. Typically, holograms or
phase plates are used in conjunction with single-mode fibres to perform projective measure-
ments of OAM. These measurements are sensitive to the radial field distribution [62; 65; 66],
resulting in a different spiral bandwidth than that initially generated. Law and Eberly [34]
used the Schmidt decomposition technique, which completely characterised entanglement
[67], to provide an estimate of the measured OAM bandwidth by computing the azimuthal
Schmidt number given by
Kaz =
1
∑`P2`
, (2.1.5)
where P` = |c`|2 is the probability of measuring a particular OAM state [40]. The total
Schmidt number, K, is related to the azimuthal Schmidt number by Kaz = 2
√
K [68]. The
full-width at half maximum (FWHM) value is often used as a measure of bandwidth, how-
ever, it is not the equivalent of the Schmidt number.
2.2 OAM generation and measurement
A spiral phase plate is an optical element with a helical surface that can be used to generate
beams carrying OAM [69]. The transparent plate with refractive index, n, has a phase
dislocation with step height, hs, shown in Fig. 2.3. A Gaussian beam with a planar wavefront
incident on the plate will gain OAM of ` = hs(n−1)/λ , where λ is the wavelength of the
incident beam. This technique nicely demonstrates how a planar wavefront is converted
into a helical wavefront.
These elements can be described using a digital hologram encoded onto a spatial light
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Figure 2.3: Diagram of a spiral phase plate with step height, hs.
Figure 2.4: Generation of a forked hologram used to measure orbital angular momentum correla-
tions.
modulator (SLM), which enables the phase of an incoming beam to be shaped according
to the encoded hologram. An SLM consists of a liquid crystal display (LCD) made up of
a number of pixels, each of which is addressed by two electrodes such that the molecules
making up the pixels are aligned parallel to the electrodes. By applying an electric field to
the electrodes, the molecules tilt in the direction of the field. This tilt changes the refractive
index seen by the light and in turn changes the phase of the incident light beam. An SLM
connects to a computer such that the computer generated holograms are then displayed
on the LCD screen. This allows us to change the displayed hologram quickly and easily
without re-alignment. The phase function used to describe a spiral phase plate is give as
T (φ) = exp(i`φ), (2.2.1)
where φ is the azimuthal angle. The azimuthal index ` is easily varied, allowing helical
beams carrying different amounts of OAM to be generated.
As SLMs are diffractive optical elements, the field reflected from the LCD will consist
Stellenbosch University  http://scholar.sun.ac.za
2.2. OAM GENERATION AND MEASUREMENT 19
Figure 2.5: A spatial light modulator encoded with an azimuthal phase dependence, exp(i`φ),
shapes a Gaussian beam into a helically-phased beam in the first diffraction order. This process
also works in reverse such that a helical beam can be converted into a Gaussian beam. .
of a superposition of the desired object beam and undiffracted reference beam, which pro-
duces a distorted object beam. To overcome this issue, a diffraction grating is placed on top
of the computer-generated hologram so as to separate the diffracted object beam (the first
order) from the undiffracted reference beam (the zero order). Thus the holographic spiral
phase plate with a diffraction grating will produce a helical beam in the first diffraction or-
der. Such holograms are referred to as "forked" diffraction gratings, where the number of
fork prongs is proportional to the azimuthal index, shown in Fig. 2.4. That is, a Gaussian
beam illuminating a phase-only forked hologram of particular azimuthal index, `, produces
a helically-phased beam in the first diffraction order.
This process also operates in reverse, in that a beam with OAM ` incident on a forked
hologram with an azimuthal index −`, will produce a Gaussian beam as illustrated in
Fig. 2.5. When coupled to a single-mode fibre (SMF), this becomes an efficient method
in which to measure the OAM of a laser beam. Only the fundamental mode (a Gaussian
beam) can propagate through a SMF, such that the hologram on the SLM together with the
SMF, act as a "match-filter". An incoming beam with OAM ` will only couple into the SMF
if the hologram is encoded with an azimuthal phase index of equal magnitude but opposite
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Figure 2.6: Generation of an angle hologram used to measure angular position correlations.
sign, `. If the SMF is connected to a detector sensitive to single photons, then the technique
can be similarly applied to entangled photon pairs.
The conjugate variable of OAM, angular position, can also be measured in a similar
manner. Angular slits of width ∆θ are encoded with the same forked holograms (shown in
Fig. 2.6), where the orientation of the slit-hologram is specified by φ .
A clear advantage in using SLMs is the ease in which the displayed hologram can be
changed and positioned. The symmetrical intensity distribution seen in a helical mode is
extremely sensitive to the position of the centre of the hologram with that of the incident
Gaussian mode. A lateral shift of less than 50 µm will produce an uneven intensity distri-
bution. This sensitivity is often difficult to achieve using physical translation stages, but is
readily achievable with digital re-positioning programs. Thus, the forked holograms offer
an effective method to test whether a setup is correctly aligned. Similarly, the slit holograms
can be used to ensure the optics are placed in the correct image planes. A sharp, clear "slice"
should be seen at the image plane of the SLM if the subsequent optics have been correctly
positioned. The correct alignment and positioning of the optics is particularly important
when attempting simultaneous-arrival measurements of single photons.
2.2.1 Detection of single photons
The arrival of a pair of single photons requires particular detection devices, which are both
electronically fast and efficient. Typically, single photons are detected using avalanche
photo-diodes (APDs) with a quantum efficiency of approximately 60%. Evidently, the lab-
oratory must be as dark as possible when using these detectors. Nonetheless, the measured
single photon count rate of the dark laboratory without a lasing source (the dark counts), is
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approximately 200 counts per second.
Of course, in entanglement we wish to detect the arrival of a photon pair, that is, the
simultaneous arrival of a photon at each detector. A coincidence counter, connected to both
detectors allows the simultaneous arrival or coincidence count to be measured. When a
photon is detected by one detector it initiates the trigger in the second detector such that the
arrival of a photon in the second, registers a coincidence count. Naturally, there must be
a limit placed on the interval in which the second photon is detected, known as the gating
time. Even with a very narrow time interval, uncorrelated photon coincidence counts may
be recorded, know as accidental counts and can be estimated as Cacc = SASB∆t, where SA
and SB are the single count rates from each detector and ∆t is the gating time.
2.3 Experimental setup
I will describe the general concept of our setup using collinear down-conversion. However,
we also utilise the non-collinear geometry in some of our earlier experimental work.
2.3.1 Back-projection mode
There has been a great deal of interest in mathematically determining a method to pre-
dict quantum correlations in particular reference to quantum communication and imaging
[70; 71; 72; 73]. The measurable correlation of the entangled photons in a typical SPDC
experiment depends on the quality of state generation (e.g. the range of OAM states that
SPDC actually produces) and the state detection (e.g. the range of the OAM states that
can be detected by the measurement scheme). It is useful to isolate the effect of generation
from detection, and vice versa. We are interested in investigating the quality of our detec-
tion system, and so to this end, we first perform a back-projection experiment inspired by
the advanced-wave representation of Klyshko [74].
The Klyshko picture is useful in assessing the conditional probability of detecting a photon
at detector B given that another photon is detected at detector A. Klyshko considered the
field detected in arm A as propagating in reverse back to the crystal plane where it reflects
off the crystal to propagate forward through the system to detector B. Using this picture
and geometrical optics arguments, the two-photon correlations measured in SPDC can be
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Figure 2.7: (a) Schematic of an entanglement setup. The entangled photon pairs were generated by
the nonlinear crystal, the combination of the spatial light modulators (SLMs) and detectors projected
the photon pair into a particular state and the detection of the pairs was measured with a coincidence
counter. (b) Back-projection schematic, where the nonlinear crystal is replaced with a mirror such
that SLM A is imaged onto SLM B (the imaging details are given in Sec. 2.3.2). Light from a 710
nm diode laser was coupled into fibre A, where after it was imaged to SLM A followed by SLM B
and then re-coupled into fibre B.
predicted, as in the ghost imaging and two-photon optics experiments in [70; 75]. More
than a theoretical tool, the Klyshko picture can also be applied experimentally. One of the
detectors can be replaced with a classical light source and propagated through one arm back
onto the crystal plane, where a mirror has been placed (this corresponds to the wave prop-
agating in reverse). At the crystal, this back-projected beam was reflected and propagated
forward onto the components of the other arm and onto the other detector. The number of
photons registered by this detector can be optimised to ensure the stringent alignment re-
quired by the system, and more importantly, can be used to predict the expected behaviour
of the two-photon correlation. With these in mind, we implemented a back-projection ex-
periment. Figure 2.7(a) shows a simple schematic of an entanglement setup. The entangled
state is generated at the non-linear crystal then projected into a particular spatial mode using
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SLMs and finally detected by single photon detectors.
Figure. 2.7(b) illustrates the changes made to Fig. 2.7(a) in order to perform back-
projection measurements. A 710 nm diode laser with a Gaussian profile replaced detector
A and was connected to fibre A. The output was imaged through the system to SLM A,
which was then imaged onto a mirror at the plane of the crystal (all imaging systems are
specified in Sec. 2.3.2). From here, the light was imaged onto SLM B, and SLM B was
in turn imaged onto the facet of single-mode fibre B. The fibre was coupled to detector
B which registered the single photon count rate. Figure 2.7(b) shows only a schematic of
the back-projection experiment, however, the full details, including lenses and apertures,
are given in Sec. 2.3.2. In order to have significant single photon counts, in the context of
the spatial modes, which we are trying to measure, maximum coupling of the light from
fibre A to fibre B occurs when the transmission functions encoded on the SLMs are phase-
conjugates of each other. These patterns should ensure the fundamental mode from fibre A
is coupled into fibre B. To illustrate this, if a positive lens function with focal length f1 is
encoded onto SLM A, a negative lens function with focal length f2 must be encoded onto
SLM B to produce a Gaussian mode which can only then be coupled into fibre B. When
f1 =− f2 the transverse and angular positions of the initial and final beam remain the same.
However, identical focal lengths result in a change in the angular position, producing a
divergent beam at fibre B and thus reducing the coupling efficiency.
2.3.2 Down-conversion mode
Both fibres were connected to their respective detectors and the mirror in the back-projection
mode was replaced with a non-linear crystal to begin our down-conversion experiment, as
shown in Fig. 2.8. In our experiment a mode-locked ultraviolet pump source with a wave-
length of 355 nm and average power of 350 mW was used. The laser produces pulses at
80 MHz, each pulse is made up of 109 photons. The pump source was used to pump a
3-mm-thick type I barium borate (BBO) crystal to produce collinear, degenerate entangled
photon pairs via SPDC. On average, 1 photon pair in every 105 pulses is produced in the
SPDC process. This relates to an efficiency of 10−12. The SPDC process requires a balance
between generating sufficient photon pairs for reasonable counting times, and errors intro-
duced when many photon pairs are produced within the same time window. The balance
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Figure 2.8: Experimental setup used to detect the orbital angular momentum eigenstate after spon-
taneous parametric down-conversion. The plane of the crystal was relay imaged onto two separate
spatial light modulators (SLMs) using lenses, L1 and L2 ( f1 = 200 mm and f2 = 400 mm), where
the helical modes were selected. Lenses L3 and L4 ( f3 = 500 mm and f4 = 2 mm) were used to
relay image the SLM planes through 10 nm band-width interference filters (IF) to the inputs of the
single-mode fibres (SMF). Each SMF was connected to an avalanche photo-diode (APD), which
were connected to a common coincidence counter to measure the simultaneous arrival of a photon
in each arm.
between these parameters is largely determined by the energy and the repetition rate of the
pump source. Increasing the energy of the pulse would also increase the pair production
rate through an improved efficiency of the SPDC process. Unfortunately this also increases
the error in the system by way of multiple pair generation. The length of the non-linear
crystal also has an effect on the SPDC efficiency, where a thicker crystal will produce more
photon pairs per pulse. However, this must be weighed up against the generated bandwidth
(the number of entangled OAM modes produced from the crystal), which is also dependent
upon crystal length. An interference filter was placed after the crystal to reflect the pump
beam and transmit only the 710 nm down-converted light. The front plane of the crystal was
then imaged ( f1 = 200 mm, f2 = 400 mm) onto two separate HoloEye PLUTO phase-only
SLMs. The reflective LCD screen had a resolution of 1920× 1080 pixels with an 8 µm
pixel pitch and operated with a frame rate of 60 Hz. Just as polarisers were used to "select"
a particular polarisation state, the SLMs allow a specific state to be chosen into which the
photon will be projected. The OAM states can be measured by any orthogonal basis set,
but we chose the helical modes, which are commonly used to measure OAM entanglement.
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The SLM planes were then re-imaged ( f3 = 500 mm, f4 = 2 mm) and coupled into SMFs
(mode-field diameter = 4.6 µm ) so as to extract only the Gaussian modal components.
Interference filters centred at 710 nm were placed in front of each fibre coupler to prevent
any scattered pump light to enter the fibres. The fibres connected to Perkin Elmer APDs
allowed the arrival of a photon pair to be registered using a HydraHarp 400 coincidence
counter. The time between photon pairs in turn dictates the time window of the detection
system (gating time). Since the pulses arrived at intervals of 12.5 nanoseconds, we selected
a gating time of 12.5 nanoseconds to minimise the error of multiple photon pairs arriving at
the same time.
The measured coincidence count rate can be numerically determined by calculating the
overlap integral of the back-projected signal, idler beams with the pump field at the crystal
plane. The coincidence rate is proportional to the overlap intergal [76], that is,
C ∝
|∫ ψ∗s ψ∗i ψpdA|2√
|∫ ψ∗s ψp|2 dA |∫ ψ∗i ψp|2 dA , (2.3.1)
where ψs, ψi and ψp are the modes of the signal, idler and pump beams, respectively. The
ratio of the pump waist wp with the signal (idler) waist ws,i is given as [66]:
γs,i =
wp
ws,i
. (2.3.2)
In terms of the imaging systems shown in Fig. 2.8, we calculated our ratio to be γ = 2.
This appears to be a fair ratio when finding a balance between efficiency and the spiral
bandwidth. Miatto et al. investigated three different ratios; 0.5, 2 and 4 with regard to
helical modes and showed that although the spiral bandwidth does increase with γ , the
count rate begins to decrease almost to the accidental count rate.
2.4 Quantum measurements
The collinear setup was used to demonstrate some fundamental properties of the entangled
state. The following section describes different experimental techniques used to investigate
and characterise OAM entanglement.
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Figure 2.9: The original Einstein-Podolsky-Rosen paradox, where particles A and B move away
from a source, S. A position measurement (x) on A, predicts the position of B from their relative
positions and a momentum measurement (p) on A predicts the momentum of B from the conservation
of momentum.
2.4.1 EPR paradox
The 1935 Einstein, Podolsky and Rosen (EPR) thought experiment concluded that quantum
mechanics was incomplete by highlighting the uncertainty principle of quantum mechanics,
where the knowledge of one conjugate quantity precludes the knowledge of the other [1].
They used the continuous conjugate quantities, position and momentum, to argue that either
quantum mechanics was incomplete or that the measurements of two spatially separated
particles were independent of each other. They highlighted their argument with a specific
example using position, x and momentum, p. They considered two particles, A and B,
moving away from a source, S (shown in Fig. 2.9). If a measurement is performed on
A to give its position as x, then according to quantum mechanics the position of B can
be predicted to be x+ x0. Similarly, if the momentum of A is found to be p, then from
conservation of momentum, the momentum of B must be −p. Both predictions are made
without disturbing particle B and both correspond to elements of reality. However, quantum
mechanics also states that we cannot know, simultaneously, the position and momentum of
a particle with absolute certainty.
At the time, the idea that a measurement of a property on one particle could immediately
determine the corresponding property of the other particle seemed impossible, and thus the
manuscript concluded that quantum mechanics was likely to be an incomplete theory.
Bohm later presented a modified version of the EPR paradox with discrete variables
by considering the spin components of two spin-1/2 particles [77]. However, Reid pro-
posed an experiment that would return to the original EPR paradox between continuous
variables [78], which was followed by an experimental demonstration by Ou et al. in 1992
using quadrature-phase amplitudes [79]. Using position and momentum-entangled photons,
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Figure 2.10: Experimental results showing (a) a density plot of the coincidence counts per second
as a function of the azimuthal index ` of the holograms and (b) the non-zero diagonal elements
representing a spiral bandwidth plot. The full-width-half-maximum of the spiral bandwidth is ap-
proximately 15.
the EPR paradox was demonstrated by Howell et al. [61], where an uncertainty value of
(∆xi)2(∆pi)2 = 0.004h¯2 ≤ h¯2/4 was shown. The paradox was extended to OAM and its
conjugate variable angular position [80] by using an uncertainty principle for angular posi-
tion and angular momentum (∆`)2(∆φ)2≥ 1/4 [81]. The experimental implementation was
performed by Leach et al. where they demonstrated an uncertainty value of 0.024±0.004,
an order of magnitude less than the lower bound of the inequality [82]. We follow the
method presented in [82] and show a strong demonstration of the EPR paradox.
Making use of the experimental setup in Fig. 2.8, each SLM was encoded with forked-
holograms ranging in ` from -20 to 20, one after another. That is, the hologram on SLM A
was fixed, while the SLM B displayed a sequence of forked-holograms from `=−20 to `=
20, after which the hologram on SLM A was changed and the process was continued. Each
hologram on SLM B was displayed for 10 seconds, such that the accumulated coincidence
rate could be measured for a 10 s integration time, thereby obtaining a statistically accurate
coincidence measurement. Figure 2.10(a) shows the measured coincidence counts, while
Fig. 2.10(b) only shows the diagonal elements of (a), which is commonly known as the
measured spiral bandwidth.
The anti-correlated diagonal is consistent with OAM conservation, that is m = `s + `i.
While the coefficients in the OAM spectrum demonstrate a decreasing trend from ` = 0,
the size of the mode is another contributing factor as the mode increases with the azimuthal
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Figure 2.11: Experimental measurements showing (a) a density plot of the coincidence counts per
second as a function of the orientation of the angular holograms. The holograms on each spatial
light modulator were rotated through 2pi . (b) Probability distribution of the angular position φA for
φB = 0, taken along the red dotted line in (a).
index, which results in a loss of efficiency, resulting in a decreasing trend from `= 0. An-
other important feature obtained from Fig. 2.10(a) is the values of the off diagonal elements.
Theoretically these should be zero, but experimentally this is often impossible to achieve
as the spiral bandwidth is highly sensitive to misalignment. We measured the off-diagonal
elements to be less than 5% of their corresponding diagonal element. From Fig. 2.10(b) we
measured the full-width-half-maximum (FWHM) value to be 15 and the Schmidt number
K = 23.2.
A similar procedure was undertaken to measure the angular position correlations. An
angular slit hologram was encoded onto each SLM; one hologram fixed at a particular ori-
entation φA while the other hologram rotated in small increments through 2pi . In a ghost
imaging experiment, an aperture is placed in one arm, while the detector in the other arm
is scanned through its transverse position, resulting in the reconstruction of the aperture
shape. Similarly, the width of the angular hologram can be determined from the measured
coincidence counts. A sharp coincidence peak was recorded when the holograms were both
orientated at the same angle, see Fig. 2.11, where the width of the peak gives the width of
the angular slit.
From the data recorded for both the spiral and angular bandwidths, we calculated the
uncertainty relationship between the two. A profile from the centre of each spectrum was
plotted and fitted with a Gaussian distribution (Fig. 2.12), which gave the following widths
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Figure 2.12: Probability distributions for (a) the orbital angular momentum `A for `B = 0 and (b)
the angular position φA for φB = 0 . A Gaussian distribution has been fitted to both to determine the
widths of each plot, which were used to demonstrate the EPR-Reid criterion.
(∆`)2 = 0.128± 0.023 and (∆φ)2 = 0.056± 0.006. Therefore, by taking the product of
the two (∆`)2 (∆φ)2 = 0.007± 0.001, the EPR-Reid criterion is satisfied as the product is
clearly smaller than the uncertainty relation of 0.25 in Eq. (10).
2.4.2 CHSH-Bell Inequality
The EPR paradox does not eliminate the possibility of hidden variables. In 1964, Bell
proposed a theorem in which a limit is placed on the correlations achievable by any local
hidden-variable theory [83; 84]. This provided a means to test for local hidden variables.
Bell’s theorem, as presented by Clauser, Horne, Shimony and Holt (CHSH) [2], is described
as follows. The hidden variables are denoted by λ and for any hidden variable theory, the
hidden variable distribution is given by ρ(λ )> 0, where
∫
ρ(λ )dλ = 1. (2.4.1)
It is assumed that a measurement of the signal photon is dependent on the hidden variable
λ and the measurement angle α (e.g. the orientation of a polariser). This measurement
outcome is given by A(λ ,α) such that A(λ ,α)= 1 for the detection of Vα and A(λ ,α)=−1
for the detection of Hα , where Vα (Hα ) is the polarisation detected at α degrees from the
vertical (horizontal). Similarly for the idler photon, the outcomes are given by B(λ ,β ) =
±1.
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Let us now consider four different polariser angles a,a′,b,b′. The polarisation correla-
tion between a pair of photons is defined as:
s = A(λ ,a)B(λ ,b)−A(λ ,a)B(λ ,b′)+A(λ ,a′)B(λ ,b)+A(λ ,a′)B(λ ,b′)
= A(λ ,a)
[
B(λ ,b)−B(λ ,b′)]+A(λ ,a′)[B(λ ,b)+B(λ ,b′)] . (2.4.2)
The limits on A and B (±1) force s =±2. The ensemble average of s is then
〈s〉=
∫
s(λ ,a,a′,b,b′)ρ(λ )dλ , (2.4.3)
which also lies between ±2. We define a correlation function E,
E(a,b) =
∫
A(λ ,a)B(λ ,b)ρ(λ )dλ . (2.4.4)
By writing Eq. 2.4.2 in terms of Eq. 2.4.4, allows us to describe 〈s〉 as:
〈s〉 = E(a,b)−E(a,b′)+E(a′,b)+E(a′,b′)
= S(a,a′,b,b′), (2.4.5)
where S is known as the Bell parameter and |S|6 2 for any hidden variable theory. However,
quantum mechanics violates this inequality for particular polariser settings with a maximum
value of S = 2
√
2.
We now wish to demonstrate such a violation with OAM modes. I mentioned in
Sec. 1.2.2 that we can use the Bloch sphere to show an analogy between polarisation and
OAM. As polarisation is a two state system, we chose two orthogonal OAM modes (an
OAM subspace) and their superpositions in which to perform the Bell measurements. In
a polarisation-based experiment, a polariser is rotated to vary from vertical to horizontal
polarisation, allowing access to the superposition states along the equator of the Poincaré
sphere for both the signal and idler photons. Similarly, holograms are used to access the
superpositions sates of an OAM subspace and are subsequently rotated. The first demon-
stration of a violation of a Bell inequality in the OAM basis was shown by Leach et al. in
2009 [36]. We follow their methodology in demonstrating a violation of Bell’s inequality
for our entangled system.
The holograms used to measure the superposition states are described by:
|ψ〉= 1√
2
(|`〉+ exp(i`θ) |−`〉) . (2.4.6)
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Figure 2.13: The normalised coincidence counts as a function of the orientation of the holograms
on each spatial light modulator (SLM). The orientation of the hologram on SLM A was fixed while
those on SLM B were rotated from 0 to pi .
Here θ denotes the degree of rotation. By choosing a particular value for `, we generated
superposition holograms for a range of angles. The holograms were varied on both SLMs,
by fixing one at orientation θA and rotating the other θB, and the coincidence count rates
were measured. Figure 2.13 shows the normalised coincidence count rate as a function of
the hologram orientation.
The correlation function can be rewritten more practically as:
E(θA,θB) =
C(θA,θB)+C(θA+ pi2` ,θB+
pi
2`)−C(θA+ pi2` ,θB)−C(θA,θB+ pi2`)
C(θA,θB)+C(θA+ pi2` ,θB+
pi
2`)+C(θA+
pi
2` ,θB)+C(θA,θB+
pi
2`)
, (2.4.7)
with C(θA,θB) being the coincidence count rate for the particular orientation of each holo-
gram. Adapting Eq. 2.4.5, we can write the Bell parameter as:
S(θA,θB) = E(θA,θB)−E(θA,θ ′B)+E(θ ′A,θB)−E(θ ′A,θ ′B). (2.4.8)
For the OAM subspace |`| = 2, we observed a violation of the inequality by 26 standard
deviations, S = 2.78± 0.03, thereby validating the observation of quantum correlations
rather than classical correlations with hidden variables.
2.4.3 Full state tomography
Lastly, it is important to form a characterisation of the entangled states by measuring the
degree of entanglement. We previously introduced the concept of a density matrix, ρ =
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|ψ〉〈ψ|, used to describe the statistical state of a quantum system, where the state can be
represented in a complete OAM basis of vectors |`〉 as:
|ψ〉= ∑`c` |`〉. (2.4.9)
However, constructing the density matrix from |ψ〉 requires knowledge of the complex co-
efficients c`, which in general cannot be measured directly. This expression also precludes
a mixed state, which cannot be expressed with a state vector. Thus we must use a different
approach, such as tomographic reconstruction.
Quantum state reconstruction or quantum tomography is the process in which precise
knowledge of an unknown quantum state is established [85]. As any measurement on a
quantum system will alter the state, the tomographic process requires measurements to be
performed on identical copies of the initial state. After a set of measurements is performed,
which must form a complete basis in the chosen Hilbert space, the density matrix or quan-
tum state can be uniquely recovered.
The process of reconstruction of a quantum state was proposed by Fano in 1957 [86].
Since then, many experiments have been reported, and quantum tomography is an estab-
lished field of research [13; 37; 85; 87; 88; 89; 90; 91; 92; 93]. An extensive analysis of
qubit systems was presented by James et al. in 2001 [89], where they focused on polari-
sation entangled qubits. These techniques were then extended to the spatial components of
light, where a full state tomography was demonstrated for OAM modes up to |`|= 20.
Quantum state tomography consists of reconstructing a density matrix ρ by making
multiple measurements on identical copies of the relevant quantum state. The set of mea-
sured probabilities pi for known observables Ai is given by:
pi = Tr[ρAi]. (2.4.10)
Here Ai is a Hermitian operator with real eigenvalues, which in this case is a projection op-
erator composed of the mode that we want to detect. The density matrix is then constructed
from a complete set of such measurements. The density matrix must have non-negative
eigenvalues and a trace equal to unity in order to describe a real physical system. It is pos-
sible to formulate the calculation of ρ as an inverse problem, where one must invert the
matrix A whose rows are composed of the detector states Ai in the basis of the Laguerre-
Gauss modes. However, the calculation of ρ using matrix inversion does not always ensure
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the above conditions due to experimental noise, and different approaches are required to
reconstruct physically real quantum states. The method that we use consists of using linear
combinations of generalised Gell-Mann matrices, which form a complete basis set in which
to build matrices for any given dimension [90].
In the case of a qubit, a single photon in a two-dimensional state space, the density
matrix can be represented as a linear combination of the Pauli matrices [89]:
ρ =
1
4
σ0⊗σ0+∑
mn
ρmnσm⊗σn (2.4.11)
where σx represents the Pauli matrices for x = 1,2,3.
From the Bloch sphere, we focused on the equator states θ = 0,pi/4,pi/2,3pi/4 together
with the pure states |`〉 and |−`〉.
For a qubit system, the state vector has a length of 4 and thus a density matrix of 4×4.
We require at least 15 measurements to match the number of matrix elements [89; 90].
A sufficient set would be given by the pure states |`〉 and two superposition states (θ =
0,pi/2) from Eq. (2.4.6) in each of the signal and idler modes of the experiment. However,
if an over-complete set of measurements is chosen, additional information is available to
compensate for measurement errors due to natural photon number fluctuations [13]. In
matrix form, the qubit density matrix is written as:
ρ =

a11 a12eiφ12 a13eiφ13 a14eiφ14
a21eiφ21 a22 a23eiφ23 a24eiφ24
a31eiφ31 a32eiφ32 a33 a34eiφ34
a41eiφ41 a42eiφ42 a43eiφ43 a44
 . (2.4.12)
Here ai j and φi j are the amplitudes and phases of the density matrix elements, respectively.
The probability to detect one photon in state |`〉 and the other in state |−`〉 is expressed
by the diagonal terms. The off-diagonal terms are determined from measurements in the
superposition states.
We generated six different states on each SLM, resulting in a total of 36 coincidence
measurements. Therefore for a two-dimensional state, we use an over-complete set of mea-
surements (36) to determine the 16 density matrix elements. We used a least squares fitting
program to calculate the best density matrix according to our measurements. We followed
the procedure in Jack et al. [37] where the 10 amplitudes and 6 phases from the density
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matrix in Eq. 2.4.12 are chosen such that the following equation is minimised [37; 94]:
χ2 =
N2
∑
i=1
(
p(M)i − p(P)i
)2
p(P)i
. (2.4.13)
Here, p(M)i are the measured probabilities from the experiment, and p
(P)
i are the predicted
probabilities calculated from the guessed density matrix ρd , together with the known mea-
surement states Ai; see Eq. (2.4.10). The reconstruction of a density matrix does not neces-
sarily have positive eigenvalues and can therefore represent a non-physical quantum state.
Due to the presence of experimental noise, it is in fact likely that such a case occurs. We
therefore take an approach to the quantum state reconstruction which ensures that our state
has all the required properties. In order to construct the guessed density matrix ρd in
Eq. 2.4.13, we first construct a matrix G from a linear combination of the identity matrix
and Gell-Mann matrices for d2 dimensions. As these matrices form a basis for any matrix
in d2 dimensions, we ensure a minimum number of coefficients required in the minimisa-
tion process. The guessed density matrix is then constructed using the following equation,
which ensures that all the eigenvalues of ρd are positive:
ρd =
G†G
Tr(G†G)
. (2.4.14)
Thus the density matrix is, by construction, Hermitian and positive semi-definite with unit
trace [89]. By choosing the appropriate coefficients of the Gell-Mann matrices, we can
minimise χ2, thus producing the closest physical density matrix that represents the high-
dimensionally entangled quantum state. In matrix form, the two-dimensional reconstructed
density matrix was calculated to be
ρ =

0.011 −0.001 0 −0.002
−0.001 0.48 0.48 0.036
0 0.48 0.49 0.036
−0.002 0.036 0.036 0.012
+i

0 0.043 0.048 0.003
−0.043 0 −0.039 0.042
−0.048 0.039 0 0.048
−0.003 −0.042 −0.048 0

(2.4.15)
This is visually represented in Fig. 2.14.
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Figure 2.14: Graphical representation of the (a) real and (b) imaginary parts of the two-dimensional
density matrix.
2.4.4 High-dimensional entanglement
We can now generalise this two-dimensional tomographic reconstruction to d - dimensional
state spaces. High-dimensional entanglement has been reported up to dimension d = 12
[10], demonstrated through violations of Bell-type inequalities. Recently, high-dimensional
entanglement has been imaging using an electron-multiplying charge-coupled device to ob-
serve entanglement of approximately 2500 spatial states [95]. The state of hyper-entangled
photons, which are entangled in several degrees of freedom, has been characterised via
quantum state tomography [96]. Tomography of entangled states up to dimension d = 3 has
also been reported [13]. However, higher-dimensionally entangled states were only charac-
terised in 2011 [97] due to the inherent time demands for the large sets of measurements
required.
The state of a single qudit, which exists in a d-dimensional state space, can be expressed
as a linear combination of the generalised Gell-Mann matrices:
ρ =
1
d
τ0+
d2−1
∑
n=1
bnτn. (2.4.16)
Here τ0 is the d-dimensional identity matrix and τn are the generalised Gell-Mann matrices
in d dimensions, with corresponding complex coefficients bn.
This state can also be represented as a superposition of the OAM states of light as:
|Ψ〉=
[d/2]
∑
`=−[d/2]
c` |`〉, (2.4.17)
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where [x] is the integer part of x. We consider only states with radial mode index p = 0.
The squares of the coefficients must sum to unity for normalization, and c`=0 must equal
zero for even d.
The density matrix of the OAM state of light of Eq. (2.4.17) can then be represented
by linear combinations of the high-dimensional Gell-Mann matrices as in Eq. (2.4.16). The
coefficients of these matrices are determined by a set of measurements that must be to-
mographically complete. One such simple set consists of measurements of the pure OAM
states:
|Ψ〉` = |`〉 , (2.4.18)
and superpositions of just two of these states:
|Ψ〉α,`1,`2 =
1√
2
(
|`1〉+ eiθ |`2〉
)
, (2.4.19)
where `,`1, `2 =−[d/2], ..., [d/2] and `1 < `2.
The two-photon state is then the tensor product of two single qudit states from Eq. (2.4.17),
with opposite OAMs:
|Ψ〉=
[d/2]
∑
`=−[d/2]
c` |`〉s⊗|−`〉i . (2.4.20)
Here, |c`|2 gives the probability of finding a signal photon in state |`〉s and idler photon in
state |−`〉i. The range of ` over which |c`|2 is appreciable is known as the spiral bandwidth,
and detailed analysis of the properties that affect it can be found in Ref. [39; 42; 98].
In analogy to using Eq. (2.4.16) to represent the single qudit state of Eq. (2.4.17), the
density matrix of a two-photon qudit state [Eq. (2.4.20)] can be expressed as
ρ =∑
m,n
bm,nτm⊗ τn, (2.4.21)
where b0,0 = 1/d2 for normalization. Since we have two qudits, each in a d-dimensional
space, we have a state vector of length d2, resulting in a d2× d2 density matrix. In order
to determine the density matrix, we require a number of measurements at least equal to the
number of elements in the matrix, which is d4 [13; 89]. The number of possibilities where
`1 < `2 is equal to the binomial coefficient
(d
2
)
so that the total number of measurement
states for the signal or idler mode is:
N = 4
(
d
2
)
+d. (2.4.22)
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Figure 2.15: (a) The complete set of measured probabilities for dimension 5. (b) The pure orbital
angular momentum (OAM) states. (c) A sample of the superposition states. Here, θi denotes the
phase difference in the idler arm, from Eq. (2.4.19), and θs denotes the same in the signal arm. The
OAM states separated by a comma denote `1, `2 as in Eq. (2.4.19), while the single states denote `
as in Eq. (2.4.18).
We measure the coincidence count rates for every combination of these states for both the
signal and idler photons, thus resulting in a total number of measurements of N2. This num-
ber increases very quickly with dimension, requiring 225 measurements for d = 3 and 4356
measurements for d = 6. We reconstructed the density matrix of the entangled quantum
states for dimensions ranging from d = 2 to d = 6. The probabilities measured for d = 5
are shown in Fig. 2.15.
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Figure 2.16: The density matrices for even dimensions 2 through 6. The axes for dimension 2 are
labelled, and the higher dimensions follow the same convention. For example, the labels for the
d = 4 case would read 〈2,2| ,〈2,1| ,〈2,−1| , ... and |−2,−2〉 , |−2,−1〉 , |−2,1〉, etc., where we use
the convention |`s, `i〉 to be equivalent to |`〉s |`〉i.
The reconstructed density matrices for even dimensions are shown in Fig. 2.16. In each
case, the eigenvector with the highest eigenvalue corresponds very closely to the appropriate
entangled state given in Eq. (2.4.20). The imaginary components of the density matrices
arise because of coefficients in the entangled states that have a small but measurable phase
shift between them. This phase shift occurs because some modes have a larger Gouy phase
than others. In our experiment, this phase is detected because the facets of the optical fibres
that detect the signal and idler modes may not be in the same optical plane and thus do not
image the exact same plane of the non-linear crystal.
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The density matrix completely characterises the quantum state; thus once it has been de-
termined, it is possible to make predictions with regards to quantum information protocols.
For example, it is possible to determine the degree of entanglement and test whether the
states reach the criteria required for violation of the generalised Bell inequalities [10; 99].
Firstly, the linear entropy SL = 4/3
[
1−Tr(ρ)2] defines the purity of the system [13],
where the linear entropy of a pure entangled state is zero [37]. We find the linear entropy
is low for lower dimensions (S2 = 0.02± 0.01), indicating close to pure states. The linear
entropy increases with dimension (S6 = 0.40± 0.01), indicating increasingly mixed states
[see Fig. 2.17(a)]. The fidelity is a measure of how close our reconstructed state is to the
target state, which is the (pure) maximally entangled state in this case. The fidelity is given
by:
F =
[
Tr(
√√
ρTρd
√
ρT )
]2
. (2.4.23)
Here, ρT = |ψT 〉〈ψT | is the target state with |ψT 〉 = 2−1/2 (|`〉A |−`〉B+ |−`〉A |`〉B) and
ρd is our measured reconstructed state [100]. For low dimensions, we find good fidelity
F2 = 0.98± 0.01; however, the fidelity decreases with dimension and becomes as low as
F6 = 0.67±0.01 [see Fig. 2.17(b)]. The average error for both the entropy and the fidelity
is±0.01, which is calculated by generating additional data sets by adding
√
CMi fluctuations
to the measured coincidence counts CMi and then repeating the calculations described above.
The generalised Bell inequalities [10; 99] test whether or not the observed correlations,
which are predicted by quantum mechanics, can be explained by local hidden variable the-
ories. The quantum state at the threshold of the high-dimensional Bell inequality can be
denoted as [99]:
ρB = pmind |ψ〉〈ψ|+(1− pmind )
I
d2
. (2.4.24)
Here, I denotes the identity matrix of dimension d2, and pmind is the probability above which
the Bell inequality is violated. The linear entropy and fidelity of the state ρB for dimensions
d = 2 through d = 6 are shown in Fig. 2.17(a) and (b). A state with a linear entropy below
that of ρB or a fidelity above that of ρB will violate the high-dimensional Bell inequality,
and all of our measured states satisfy these conditions.
In theory, the quantum state produced by the parametric down-conversion process is
pure [39; 42]. Thus the increase in linear entropy with dimension is almost certainly due to
errors in the coincidence count rates, which are unavoidable in the detection process. As the
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Figure 2.17: (a) Linear entropy and (b) fidelity as a function of dimension. The error for both of
these measurements is ±0.01, which is too small to be seen clearly on the graphs. In each case, the
blue points represent the measured data, while the red shaded area represents the states that will not
violate the appropriate high-dimensional Bell inequality.
required number of measurements increases significantly with the dimension size, so does
the possibility for measurement error. The precise origin of the unwanted counts is not clear,
although it is recognized that these can arise from accidental coincidences and alignment
errors, leading to cross-talk between the modes. As far as the fidelity is concerned, since
we compare our measured state to the maximally entangled state of Eq.( 2.4.20) with c` =
1/
√
d, we would expect the measured decrease due to the finite number of entangled modes,
which is set by the spiral bandwidth.
2.5 Conclusion
In this chapter, we have introduced the techniques and equipment required to demonstrate
quantum entanglement in the OAM basis. We make use of SPDC to generate our entangled
photon pairs and illustrated how the tilt of the non-linear crystal allows us to move from
non-collinear to collinear down-conversion. We then used SLMs encoded with specific
"forked" holograms together with SMFs to measure the OAM states of each photon and
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found that OAM is conserved in the down-conversion process.
The alignment of single photons is made easier using the method of back-projection,
such that classical light is passed through the setup from one fibre to the other. We used this
technique to simulate the expected behaviour of the two-photon correlations by measuring
the OAM spectrum. We saw, after returning to down-conversion mode, that the classical
prediction matches very well with the coincidence correlations.
We tested our entanglement setup by performing typical quantum experiments. The
first was to demonstrate the EPR paradox using OAM and angle correlations. We calcu-
lated the uncertainty relationship between the two variables to be 0.007±0.001 and found
that the EPR-Reid criterion was indeed violated. This initial result lead us to attempt a
CHSH-Bell inequality experiment, allowing to test for local hidden variables. Using super-
positions states of OAM, we calculated a Bell-parameter of S = 2.78±0.03, which violates
the inequality by 26 standard deviations. This result provides confirmation that our mea-
sured coincidence counts are quantum correlations and cannot be described by any local
hidden-variable theory.
Lastly, we have demonstrated the tomographic reconstruction of the high - dimensional
quantum states of photon pairs entangled in the OAM basis. We obtained the density ma-
trix of two entangled qudits in dimensions from d = 2 up to d = 6. Recording the den-
sity matrix of entangled quantum states in higher dimensions is possible, although the re-
quired measurement times do not scale favourably with dimension size. Characterizing the
states leads to fidelities ranging from F2 = 0.98±0.01 to F6 = 0.67±0.01 when compared
with the maximally entangled state and linear entropies ranging from S2 = 0.02± 0.01 to
S6 = 0.40±0.01. These measurements and subsequent calculations are important for deter-
mining the upper bound on the dimension of an OAM space that is usable for secure quan-
tum communications. It is measurement error that contributes to this increase in entropy
and decrease in fidelity. Realising the extent to which such measurement errors corrupt the
state is an important consideration when utilizing such high-dimensionally entangled states
in other quantum information protocols. Of course, there are alternative methods to achieve
high-dimensional entanglement, such as the use of multi-sector phase plates that maximise
the Shannon dimensionality [101]. It has also been shown that Ince-Gaussian modes can
also achieve high-dimensional entanglement based on a three-dimensional entanglement
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witness [102].
These experimental results are crucial for building upon the fundamental techniques of
quantum entanglement measurements. We are now in a position to explore OAM entangle-
ment and optimise its potential for quantum applications such as quantum communication.
This includes understanding how the OAM states can be engineered for particular applica-
tions by either altering the generation or measurement procedures.
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Chapter 3
Shaping the pump beam
We report orbital angular momentum (OAM) and angle correlations between signal and
idler photons observed when the non-linear crystal used in spontaneous parametric down-
conversion is illuminated by a non-fundamental Gaussian pump beam. We introduce a
pi-phase step to the transverse profile of the pump, before it impinges on the crystal to
create a phase-flipped Gaussian mode, which is a close approximation to an HG10 Hermite-
Gaussian-like beam. The correlations in OAM and angular position are then measured
holographically using two separate spatial light modulators in the signal and idler arms.
We show the transfer of the OAM spectrum of the pump to the down-converted fields,
manifested as a redistribution in the OAM correlations consistent with OAM conservation.
This corresponds to a modulation of the angular position correlations consistent with the
Fourier relationship between the OAM and angle.
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3.1 Introduction
Thus far I have introduced the fundamental principles of orbital angular momentum (OAM)
entanglement. In particular, the manner in which OAM and angle correlations are measured
has formed a substantial part of Chap. 2. Similar to polarisers used in polarisation-entangled
schemes, suitably designed holograms provide a simple and effective method in which to
manipulate the OAM of light. The combination of the hologram, single-mode fibre and
single photon detector acts as a mode analyser for the signal and idler photons. As we
have seen, this has been used ubiquitously in most quantum experiments involving OAM
[9; 36; 103]. As such, exploring the higher dimensions afforded by OAM then generally
meant the design of holograms that would measure superpositions of different OAM states
[13; 104; 105].
One can also explore the high-dimensional OAM state space by engineering the pump.
Shaping the pump with more complex modes has been proposed to prepare high-dimensional
entangled OAM states [65; 106], although these have not been implemented experimentally.
Torres et al [65] demonstrated theoretically that using SPDC, arbitrary engineered entan-
gled states in any d-dimensional Hilbert space can be prepared such that the topological
information contained in a pump beam can be translated into the amplitudes of the gener-
ated entangled quantum states. This chapter is a step in that direction. We employ a non-
fundamental Gaussian pump beam for spontaneous parametric down-conversion (SPDC)
and analyse how the OAM and angle correlations change as a result.
3.2 Pump shape and SPDC
Within SPDC, a pump beam is usually approximated as a plane wave incident on a non-
linear crystal, which results in the emission of two correlated photons in definite directions.
The bulk of the studies in SPDC has concentrated on manipulating these two outgoing pho-
tons by letting them pass through polarisers, slits, holograms, and other optical components,
to observe various desired quantum effects such as OAM conservation [9], Bell inequalities
[36] and full state tomography measurements [103].
Manipulating the pump field is also an interesting enterprise, as the fields generated in
SPDC are strongly related to the pump field; this has been investigated theoretically and
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experimentally [9; 98; 107]. The ratio of the pump waist to the signal (idler) waist has
been shown to have a significant effect on the measured spiral bandwidth, where a larger
ratio produced a wider bandwidth but with reduced coefficient amplitudes (for a Gaussian
pump mode) [98]. A similar effect has also been observed in the radial components of
Laguerre-Gaussian modes [42].
Phase matching allows the amplitude and phase structure of the pump to be transferred
to the two-photon field, and fourth-order images (coincidence measurements from two-
photon interference, typically observed in a Hong-Ou-Mandel interferometer [108]) related
to the aperture in front of the pump can be formed by the down-converted beams [107].
Focusing the pump beam in front of the crystal leads to two-photon geometric optics effects
wherein the crystal acts like a spherical mirror in the formation of the fourth-order images
[70]. The shape of the pump is of consequence to correlations in the OAM and the conjugate
variable, angular position, in both the signal and idler fields. The transfer of the plane-
wave spectrum of the pump to the two-photon field leads to conservation of OAM in both
stimulated and spontaneous parametric down-conversion [109; 110; 111; 112]. Thus, for
near-collinear SPDC [112], the following selection rule,
m = `s+ `i, (3.2.1)
holds, where mh¯ is the OAM per photon of the pump beam and `sh¯ and `ih¯ are the OAM of
the modes into which the signal and idler photons are projected [112; 113; 114]. This has
been supported by coincidence measurements in SPDC, wherein the crystal is pumped with
Laguerre-Gaussian (LG) beams of varying OAM [9; 112]. The entangled two-photon state
generated in this case is
|Ψ〉=
+∞
∑
`=−∞
c`|m− `〉|`〉. (3.2.2)
It is possible to generate other states, such as maximally entangled states with only four
modes (in contrast to the infinite OAM spectrum of equation (3.2.2)), by pumping the crys-
tal with a suitable superposition of OAM modes [65], containing a number of phase singu-
larities. This entails the modulation of both the phase and intensity of the pump, and has yet
to be achieved experimentally. The first step towards the implementation of such schemes
is to have an element which will efficiently convert the fundamental mode of a pump laser
to the desired mode for SPDC. Several experiments [9; 112] have performed this mode con-
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version with cylindrical lenses or holograms. The latter, when encoded in a spatial light
modulators (SLM) are flexible and make possible complicated pump shapes, but they are
less efficient than other converters, with an efficiency of about 40%-50% [115]. Simple
pump shapes could instead be implemented with simple mode converters. For instance,
HG modes can be created by placing one to two wires inside a laser cavity [116]. We do
not have access to the laser cavity of our pump laser, so instead we use a cover slip that
introduces a pi-phase shift to half of the area of the usual Gaussian output of a laser beam.
Pump modes have been converted to HG modes using cover slips to generate a two-photon
singlet beam (where both photons propagate in the same beam) [117] and to demonstrate
non-Gaussian entanglement [118]. The pi-phase shift introduces a phase-flip to one half of
the beam, hence the name "flipped mode" [119]. Following [119], the flipped mode u f ,0
is the fundamental Gaussian mode with a phase flip at x = 0. This can be expressed as an
infinite sum of odd Hermite-Gauss (HG) modes u2n+1(x),
u f ,0 =
∞
∑
n=0
c2n+1u2n+1(x) (3.2.3)
where
c2n+1 =
(−1)n(2n)!
n!
√
pi22n−1(2n+1)!
, (3.2.4)
giving
√
2/pi ≈ 0.80 as the contribution of the first-order HG10 mode. Since the LG modes
form a convenient basis for OAM-carrying beams, it is instructive to express u f ,0 in terms
of Laguerre polynomials L jk [120; 121],
u f ,0 =
∞
∑
n=0
n
∑
p=0
anp exp
(
−
( r
ω
)2)(√2r
ω
)|2(n−p)+1|
(3.2.5)
×L2(n−p)+1p
(
2
( r
ω
))
(exp(i(2(n− p)+1))+ exp(−i(2(n− p)+1)))
where an,p is
an,p = (−1)n+p
√
8
pi
(2n)!
(2n+1)!
(n+1/2)!
2p!
2p!
pi(p+(2(n− p)+1))!
Hence, only the odd LG modes contribute. A table of the decomposition in terms of the
LG`p modes for p = 0 is given below,
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Table 3.1: Decomposition of the flipped-mode in terms of the LG`p modes.
` 〈LG`,0|u f ,0〉
±5 18
√
3
10pi = 0.0386
±3 −12
√
1
6pi =−0.1151
±1
√
1
pi = 0.5642
0 0
The flipped mode has been used in SPDC to produce singlet states [117] and for demon-
strating multimode Hong-Ou-Mandel interference and in the generalisation of genuine non-
Gaussian entanglement [118; 122]. Since the combination of OAM states |1〉 and | − 1〉
make the most significant contributions to the flipped mode, in contrast to the usual Gaus-
sian pump which is in the OAM state |0〉 [24], we expect different OAM and angle corre-
lations from that in [82]. Specifically, we expect coincidences when `s + `i is odd with the
strongest correlations occurring when `s+ `i =±1.
Just as there is a Fourier relationship between position and linear momentum, there also
exists a Fourier relationship between OAM and angle [33]. This allows us to determine
the correlations in the angular position basis given that we have knowledge of the OAM
components of the entangled photons.
3.3 Experiment and results
Our SPDC setup (Fig. 3.1) consisted of a mode-locked ultraviolet (UV) pump source at 355
nm with 100 MHz repetition rate. A cover slip was attached to a tip-tilt mount to control
the phase introduced to the pump and placed on a translation stage positioned such that it
covered half of the UV beam. The output of the laser was collimated by a telescope onto
a 5 mm long barium borate (BBO) crystal, cut for degenerate type- 1, collinear SPDC.
The front plane of the crystal was imaged (L1=200 mm, L2=400 mm) onto two separate
SLMs, which specify the state into which the photon will be projected. Both SLMs were re-
imaged (L3=600 mm, L4=3.2 mm), through 10-nm wide interference filters(IF) to the input
facets of single mode optical fibres coupled to single-photon avalanche photodiodes. The
coincidence was monitored from the output of the photodiodes by a coincidence counting
card with a gate time of 10 ns.
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Figure 3.1: Experimental setup for spontaneous parametric down-conversion. The pump is shaped
by a cover slip thereby introducing a pi-phase shift to half of the outputted Gaussian beam. The
orbital angular momentum or angular position of signal and idler photons are measured by program-
ming the spatial light modulator with either a forked diffraction grating or an angular slit respectively.
To measure OAM, each SLM displayed a hologram with a fork dislocation of order `s
and `i corresponding to the OAM states |`s〉 and |`i〉. The pump beam consisted of superpo-
sitions of odd-valued OAM states, with |1〉 and |−1〉 making the largest contribution [24].
Hence following the selection rule (3.2.1) , we expected high coincidences when the sum
of `s and `i was ±1, as shown in Fig. 3.2 (a). We expected two diagonals symmetric about
the main diagonal, in contrast to SPDC with a fundamental Gaussian pump wherein there
is only one main diagonal [82]. Figure 3.2 (b) shows the coincidences, as a function `s and
`i, that we obtained from the experiment. Apart from a uniform background (we did not do
any background subtraction in our results), and residual on-axis coincidences (due to the
imperfect conversion of the pump laser output to a "flipped mode" there is good qualitative
agreement between Fig. 3.2 (a) and (b), showing the transfer of the pump OAM spectrum
to the entangled photons.
To measure angular position, we employ angular slits of width ∆θ which are oriented
at positions φs and φi in the signal and idler SLMs respectively (see Fig. 3.2 (b)). We can
get the expected angular position correlations from the Fourier relationship, by performing
a Fourier transform on Fig. 3.2 (a), we obtain Fig. 3.2 (b). Because the SLMs are on the
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Figure 3.2: Orbital angular momentum (OAM) and angular position correlations. Since the pump
is in a superposition of odd OAM states, with |1〉 and |− 1〉 making the largest contribution, from
theory, we expect the coincidences to be high when `s + `i = ±1 (a). Apart from an almost uni-
form background (there is no background subtraction in this result), this is supported by the OAM
correlations we obtain from our experiment (b). The angular position correlations also reflect the
shape of the pump, and in theory can be obtained via the Fourier relationship between OAM and
angular position. From the OAM correlations in (a), we expect the modulated coincidence in (c).
Coincidence is high along the diagonal when φs = φi, but with minima corresponding to the position
of the phase discontinuity in the pump. Apart from some background counts, our experiment results
support this (d).
image plane of the crystal, we expect the coincidences to be high for φs = φi. In addition,
due to the shape of the pump, we see a modulation wherein there are coincidence minima
corresponding to the case when the slit is aligned with the phase discontinuity in the pump.
Figure 3.2 (d) shows the coincidence count as a function of the angular positions φs and
φi. There is good qualitative agreement between Fig. 3.2 (c) and (d), apart from an almost
uniform background (we did not do any background subtraction).
We focused on a simple pump shape, but more complicated modes are possible with
combinations of cover slips (for HG pump modes), specially fabricated components or pro-
grammable spatial light modulators.
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3.4 Conclusion
We have shown the effect of the pump shape on OAM and angle correlations exhibited by
photon pairs from spontaneous parametric down-conversion. We focused on a particularly
simple OAM superposition state, but more complicated pump shapes such as the vortex
pancakes suggested in [65] can be used for tailored entangled states. The correlations that
arise result from the transfer of the OAM spectrum of the pump to the down-converted pho-
ton pairs, as manifested in the OAM correlation matrix. We have shown a modulation in the
angular position correlation which is consistent with the Fourier relationship between OAM
and angle. The spatial structure of down-converted light is a rich playground to observe cor-
relations in a variety of spatial modes, not just OAM. If efficiency is not a priority, spatial
light modulators can be introduced not just in the measurement, but also in the generation of
entangled photons. With the flexibility afforded by spatial light modulators, different pump
modes can be used to prepare the entangled states, and in addition to current developments
in sorting OAM states [123] and gates with OAM [124], this will certainly be a step forward
to fully exploring a d-dimensional space for quantum information.
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Bessel-Gaussian entanglement
In this chapter we consider geometrical two-photon optics of Bessel-Gaussian (BG) modes
generated in spontaneous parametric down-conversion of a Gaussian pump beam. We pro-
vide a general theoretical expression for the orbital angular momentum (OAM) spectrum
and Schmidt number in this basis and show how this may be varied by control over the ra-
dial degree of freedom, a continuous parameter in BG modes. As a test we first implement
a back-projection technique to classically predict, by experiment, the quantum correlations
for BG modes produced by three holographic masks, a blazed axicon, a binary axicon and
a binary Bessel function. We then proceed to test the theory on the down-converted pho-
tons using the binary Bessel mask. We experimentally quantify the number of usable OAM
modes and confirm the theoretical prediction of a flattening in the OAM spectrum and a
concomitant increase in the OAM bandwidth. We demonstrate OAM entanglement in the
BG basis by performing a Bell-type experiment and showing a violation of the Clauser-
Horne-Shimony-Holt inequality for the `=±1 subspace. In addition, we use quantum state
tomography to indicate higher-dimensional entanglement in terms of BG modes.
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4.1 Introduction
The spontaneous parametric down-conversion (SPDC) process has been shown to con-
serve orbital angular momentum (OAM) when pumped with either a fundamental Gaussian
mode [9] or a non-fundamental mode [41]. The implication thereof is that a pair of down-
converted photons are naturally entangled in terms of the OAM eigenstates. The Laguerre-
Gaussian (LG) modes are often approximated to include only the azimuthal phase term,
hence they are also called helical modes. The radial components of the LG modes are of-
ten ignored as they require complex amplitude modulation (intensity masking) [44; 125].
That is, a phase-only spatial light modulator (SLM) is used to modulate both the phase and
amplitude of the incident beam by first numerically calculating the required intensity distri-
bution and adding it to the required phase distribution [44].
By approximating the phase matching condition with a Gaussian function, it was shown
[34] that the Schmidt basis for the quantum state produced in SPDC is the LG modes, that
is, the Schmidt basis is a basis of OAM eigenstates. Without this approximation, the LG
modes are still close to being the Schmidt basis[34; 42]. Thus, the LG modes are not only
entangled in the azimuthal index, but also in terms of the radial index [43].
High-dimensional entanglement is dependent on the number of usable OAM modes in
the state [65]. The need for increased information capacity per photon in most quantum in-
formation processes has caused researchers to focus their efforts into increasing the number
of accessible OAM modes (spiral bandwidth) in quantum entanglement [39; 40; 42; 105].
One technique focuses on the width of the pump beam and the length of the non-linear
crystal [39], where it was theoretically shown that the spiral bandwidth could be increased
by either decreasing the length of the crystal or by increasing the size of the pump mode. A
similar conclusion was made by Miatto et al. [42], where they provided a complete char-
acterisation of the spiral bandwidth measured in the Laguerre-Gaussian basis. The beam
widths of the pump, signal and idler were set as free parameters as well as the azimuthal `
and radial indices p. One can also use the phase-matching condition to widen and flatten
the OAM spectrum [105]. Altering the tilt of the crystal, causes a phase mismatch such that
a variation of approximately 1/20 of a degree doubled the experimentally measured spiral
bandwidth [105]. In each of these techniques, the OAM spectrum was investigated in the
LG basis, with the experimental studies using only the helical modes. The experimental
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parameters (e.g. mode size of single-mode fibre) involved in the detection of the spectrum
of helical modes place restrictions on the control one has over the bandwidth of OAM com-
ponents in the entangled state.
Although the connection between the spatial modal profile of an optical beam and OAM
was initially made with specific reference to LG beams [23], the same property applies to
any optical beam with a rotationally symmetric intensity profile. Higher-order Bessel beams
[126; 127] and Bessel-Gaussian (BG) beams [128] also have helical wavefronts and carry
OAM. In 2001, transparent, spherical particles were made to rotate around the central axis
within the inner ring of a BG beam, a clear demonstration of the mechanical transfer of
OAM [28].
In this chapter we outline experimentally and theoretically how the BG modes may be used
to increase the dimensionality of entangled states. To do so we provide a thorough descrip-
tion of the two-photon ’geometric optics’ [75] of BG modes entangled in the OAM basis.
The radial index associated with LG modes is replaced by a continuous scaling parameter
for the radial part of the BG modes. We use classical back-projection as an experimen-
tal tool to study BG projective measurements, and show that we are able to predict the
strength of the coincidence correlations in the entanglement experiment. We quantify the
number of measurable OAM modes by calculating the Schmidt number, and demonstrate a
clear dependence of the dimensionality on the radial component, in agreement with theory.
We also compare the high-dimensional density matrices measured in the BG basis to those
measured in the helical basis. Our results indicate that under the correct experimental con-
ditions, the generation and measurement of high-dimensional entanglement in the BG basis
is advantageous compared to the helical basis.
4.2 Theory
4.2.1 Bessel-Gaussian Modes
The electric field of a BG mode is given by
EBG` (r,φ ,z) =
√
2
pi
J`
(
zRkrr
zR− iz
)
exp(i`φ − ikzz)exp
(
k2r zw
2
0−2kr2
4(zR− iz)
)
(4.2.1)
where ` is the azimuthal (mode) index (a signed integer); J`(·) is the Bessel function of the
first kind; kr and kz are the transverse and longitudinal wave numbers, respectively. The
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initial radius of the Gaussian profile is w0 and the Rayleigh range is zR = piw20/λ . It is clear
from Eq. (4.2.1) that the radial component of the mode can be scaled by altering kr.
The quantum state for the photon pairs produced in SPDC can be written in terms of
BG modes,
|Ψ〉= ∑`
∫ ∫
a`(kr1,kr2) |`,kr1〉s |−`,kr2〉i dkr1dkr2, (4.2.2)
where |a`(kr1,kr2)|2 denotes the probability for measuring a signal photon in state |`,kr1〉s
and an idler photon in state |− `,kr2〉i. In an experiment the radial scaling parameters kr1
and kr2 in Eq. (4.2.2) can be selected and adjusted in a continuous manner (see 4.3) to
optimize the bandwidth of the OAM spectrum.
If instead of integrating over kr1 and kr2 we select particular values, then the two-photon
state for d dimensions can be written as
|Ψ(kr1,kr2)〉= ∑`c` |`〉s |−`〉i , (4.2.3)
where ` ranges over d different values and c` represents the expansion coefficients. The
sets of `-values for different dimensions d are chosen as before in Sec. 2.4.3 [97]. Note that
while the state after the SPDC process is anticorrelated in ` and thus spans d dimensions, the
full state space has d2 dimensions, because it also contains products of differing `-values.
We recall the density matrix of a two-photon qudit quantum state as,
ρ =
d2−1
∑
m,n=0
bm,nτm⊗ τn, (4.2.4)
where bm,n are complex coefficients with b0,0 = 1/d2 for normalisation; τp are the d-
dimensional generalised Gell-Mann matrices for p = 1 ... (d2−1); τ0 is the d-dimensional
identity matrix. These coefficients are determined by performing a tomographically com-
plete set of measurements. As in the LG case in Sec. 2.4.3, we choose an over-complete set
of measurements to compensate for measurement errors due to natural photon number fluc-
tuations. An example of an over-complete set consists of the pure BG states |`,kr〉 together
with the superpositions of two BG states
|θ〉= 1√
2
[|`1,kr〉+ exp(iθ)|`2,kr〉] . (4.2.5)
Here, θ is the phase between the modes of the superposition states and kr is chosen as a
fixed value for all basis states.
Stellenbosch University  http://scholar.sun.ac.za
4.2. THEORY 55
4.2.2 Schmidt number
The probability for the biphoton quantum state after the SPDC process to contain a partic-
ular measurement state ρm = |Ψs〉 |Ψi〉〈Ψs| 〈Ψi|, is given by the trace Tr{ρρm} = |M |2,
whereM is the scattering amplitude. For monochromatic paraxial pump, signal and idler
beams in a degenerate collinear SPDC process with type I phase matching, the scattering
amplitude is given by [42]
M =Ω0
∫
M∗s (K1)M
∗
i (K2)Mp(K1+K2)P(∆kz)
d2k1
(2pi)2
d2k2
(2pi)2
, (4.2.6)
where Ms(K), Mi(K) and Mp(K) are the Fourier spectra of the two-dimensional mode pro-
files for the signal, idler and pump beams, respectively; K represents the coordinate vector
in the two-dimensional transverse Fourier domain; Ω0 is a constant that determines the
overall conversion efficiency; and P(∆kz) is a function that represents the phase matching
condition.
The phase matching condition is given in terms of a sinc-function
P(∆kz) = sinc
(
∆kzL
2pi
)
= sinc
(
ζ |K1−K2|2
)
, (4.2.7)
where
ζ =
noλpL
8pi2
, (4.2.8)
with no being the ordinary refractive index of the non-linear crystal, λp being the wavelength
of the pump and L being the crystal length. Assuming the pump wavelength is much smaller
than any of the other dimension parameters, the width of the sinc-function in Eq. (4.2.8),
as determined by ζ−1/2, is much larger than the widths of the angular spectra of the pump,
signal or idler beams [65]. Hence, one can approximate P = 1 and the Fourier integral in
Eq. (4.2.6) can be transformed into a spatial domain given by
M = Ω0
∫
m∗s (x)m
∗
i (x)mp(x)d
2x, (4.2.9)
where ms(x), mi(x) and mp(x) are the two-dimensional mode profile functions for the sig-
nal, idler and pump beams, respectively. The pump beam has a mode profile described by a
Gaussian function, which is expressed as
mp =
1
ω0
√
2
pi
exp
[
−(x
2+ y2)
ω20
]
, (4.2.10)
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Figure 4.1: Comparison of the orbital angular momentum (OAM) spectra for the helical modes
(kr = 0) and Bessel-Gaussian modes (kr = 20,40,60,80 rad/mm) using Eqs. (4.2.14) and (4.2.13),
respectively, with ω0 = 0.5 mm and ω1 = 0.23 mm. The number of usable OAM modes increases
with the radial wavevector kr.
where the radius of the mode profile of the pump beam is given by ω0. We consider the
case where the signal and idler beams are BG modes with azimuthal indices ` and −`,
respectively, and with scaling parameters kr1 and kr2, respectively. For simplicity we assume
that kr1 = kr2 = kr. A BG mode with a specific `-value is produced by evaluating the
following integral,
MBG` =
1
2pi
∫ 2pi
0
G exp(−i`β ) dβ . (4.2.11)
The generating function, G for BG modes at z = 0 is then given by
G =
√
2
pi
1
ω1
exp{ikr[ycos(β )− xsin(β )]}exp
[
−(x
2+ y2)
ω21
]
, (4.2.12)
where the radius of the Gaussian envelope of the mode is ω1 and β is an angular generating
parameter.
The coefficients for any given value of the azimuthal index ` (with opposite signs for the
signal and idler beams, respectively) can be extracted by substituting Eq. (4.2.10) and
Eq. (4.2.12) into Eq. (4.2.9), and solving the integral. The OAM spectrum, represented
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by these coefficients, is given by
C` = (−1)`
√
2
pi
2Ω0ω20
2ω20 +ω21
× exp
[ −k2rω41
4(2ω20 +ω21 )
] I` [ k2rω20ω212(2ω20+ω21 )]
I`
[
k2rω21
4
] , (4.2.13)
where I`(·) is the modified Bessel function of the first kind [121]. The equivalent coeffi-
cients in the helical basis, for zero radial index, are given by
C` =Ω0
√
2
pi
(
2ω20
2ω20 +ω21
)|`|+1
. (4.2.14)
An estimate of the OAM bandwidth of this spectrum can be calculated by computing the
azimuthal Schmidt number [34] given by
K =
(
∑
`
C2`
)2
∑
`
C4`
. (4.2.15)
In the case where the OAM spectrum is computed in terms of the BG modes, one cannot
obtain a closed form expression for the azimuthal Schmidt number. However, one can com-
pute the azimuthal Schmidt number numerically from the analytical result in Eq. (4.2.13) for
any given value of kr. Figure. 4.1 shows the OAM spectra for the helical and BG modes. In
the case where Eq. (4.2.7) is not approximated as 1, the OAM spectra are partly determined
by the length of the non-linear crystal [66].
4.3 Back-projection results
Using the Klyshko picture introduced in Sec. 2.3.1, we initially used the method of back-
projection to study three different methods of generating BG modes. We consider blazed
axicons, which have been well documented for producing Bessel-Gauss beams, binary axi-
cons and binary Bessel functions.
OAM entanglement is typically measured in the LG basis by encoding only the az-
imuthal phase term onto an SLM, described by the transmission function:
T (φ) = exp(i`φ), (4.3.1)
where φ is the azimuthal angle. Depending on the azimuthal index ` an incoming Gaussian
mode is transformed into an approximated LG mode carrying OAM of `h¯ per photon. This
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is only an approximation as the radial dependence of the LG function has been neglected
in favour of efficiency [42; 43]. By selecting the BG basis in which to measure OAM
entanglement, we have access to a continuous scaling parameter for the radial component
of the BG modes.
4.3.1 Blazed axicon
The first phase pattern investigated was that of an axicon described by a blazed (kinoform
element) function, first described by Turunen et al. [129]. The conversion from Gaussian
to BG mode was performed using the phase-only hologram of an axicon described by the
transmission function
T1(r,φ) = exp(ikrr)exp(i`φ), (4.3.2)
where kr is the radial wavevector and ` is the azimuthal index. The number of rings of the
BG beam increases with kr. A blazed grating is added to separate the diffraction orders so
that this kinoform diffracts approximately 100% of the incoming light into the first diffrac-
tion order. Figure 4.2(a) shows an example of such a phase pattern for kr = 21 rad/mm
and ` = 1. By placing a CCD camera (aligned to the first diffraction order) in the plane
of the crystal, we were able to view the mode at this plane, corresponding to the detected
mode. The shape of the beam imaged from the SLM (blazed axicon) for kr = 21 rad/mm
and ` = 1 is shown in Fig. 4.2(b). Figure 4.2(c) shows the experimental measurements
of the single counts measured at detector B. The counts recorded show a strong correla-
tion along the diagonal corresponding to values of kr of equal magnitude but opposite sign.
The single counts level was significant only when the system consisted of a positive radial
wavevector kr on one SLM with the corresponding negative radial wavevector −kr on the
other (although the radial wavevector is a positive entity, we assign a negative value to kr to
represent the conjugate phase). This translates to a positive axicon imaged onto a negative
axicon, to produce a Gaussian beam, which is analogous to the lens functions discussed in
Sec. 2.3.1. As kr is a continuous variable, we expected a gradual decrease in the count rate
moving away from the diagonal elements. The OAM correlations for a particular blazed
axicon function are shown in Fig. 4.2(d). We note that the recorded mode [Fig. 4.2(b)] does
not exhibit a well-defined BG beam, since this is only fully formed (maximum number of
rings) at a distance z0 after the SLM (blazed axicon). This is more clearly illustrated in
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Figure 4.2: (a) Phase pattern used to define an axicon of kr = 21 rad/mm and `= 1. (b) CCD image
of a Bessel-Gaussian beam generated from a blazed axicon function of kr = 21 rad/mm and ` = 1
at the plane of the crystal. (c) Density plot of the single count rates measured in back-projection for
different blazed axicon phase patterns; varying kr with ` = 0. (d) Density plot of the single count
rates measured in back-projection for a particular blazed axicon; kr = 21 rad/mm and varying `.
Fig. 4.3(a), where we depict an axicon illuminated with a Gaussian beam, analogous to the
back projected light from the fibre (Gaussian source) illuminating the SLM (axicon). Imme-
diately after the axicon the conical waves have not sufficiently overlapped to create a Bessel
beam, so plane (1) is a Gaussian-like beam. If a spiral phase is added to the axicon, then
one observes a Gaussian-like beam with a central null, as shown in the adjacent inset. Only
at plane (2), where the interfering conical waves overlap completely would a BG beam with
a maximum number of rings be generated. However this is some distance from the axicon.
The implication is that when the SLM is programmed with a blazed axicon, and this plane
is imaged to the crystal, one can never detect true BG modes.
4.3.2 Binary axicon
One can question whether the OAM modes are truly measured in the BG basis with a blazed
axicon, as the image at the crystal plane did not resemble a Bessel beam. This issue can
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Figure 4.3: (a) Formation of a Bessel-Gaussian (BG) beam by directing a Gaussian beam on a
standard axicon. No rings are seen in the plane of the dotted line (1) (corresponding to the plane
immediately after the spatial light modulator (SLM)) as the BG beam has not yet formed. At plane
(2) the interfering plane waves produce a well-defined BG beam after propagating a distance z0. (b)
Formation of a Bessel-Gaussian mode by directing a Gaussian beam on a binary axicon. A BG-
like beam is observed immediately after the SLM due to the interference of the diffraction orders,
m =±1, of the binary hologram.
be remedied by using a different approximation to an axicon function. That is, the second
phase pattern studied also incorporated the axicon function, but as a binary function:
T2(r,φ) = sign{exp(ikrr)}exp(i`φ), (4.3.3)
where sign{z} = z/|z|. The kinoform used to approximate an axicon in the previous sub-
section was replaced with a two-level binary approximation. The efficiency of a kinoform
DOE into the first diffraction order is almost 100%, while the efficiency of a binary function
is about half that; 42% in both the m =±1 diffraction orders. This effect has an advantage
in that a Bessel-like beam forms immediately after the SLM. Figure 4.3(b) illustrates a
Gaussian beam incident on an SLM encoded with the binary axicon function described in
Eq. (4.3.3). The binary axicon hologram deflects both diffraction orders symmetrically such
that the plane waves interfere with each other and produce a Bessel-like region immediately
after the SLM, i.e. at z0 = 0. This results in a well-defined BG mode directly after the SLM,
shown in the inset of Fig. 4.3(b). By filtering the higher diffraction orders using a variable
aperture (see experimental setup in Sec. 4.4), a clear image of a BG mode was recorded at
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Figure 4.4: (a) Phase pattern at the plane of the spatial light modulator (SLM) to define a binary
axicon of kr = 21 rad/mm and ` = 1. (b) Bessel-Gaussian (BG) beam formed at the plane of the
mirror (crystal) by a binary axicon function of kr = 21 rad/mm and ` = 1 with a Gaussian input.
(c) Density plot of the single count rates measured in back-projection for different binary axicon
phase patterns; varying kr with `= 0. The photons from SLM A assume a value of either positive or
negative kr from the binary function. SLM B was encoded with the same function, which allowed
BG modes of either positive or negative radial wavevectors to be converted to a Gaussian mode. (d)
Density plot of the single count rates measured in back-projection for a particular binary axicon;
kr = 21 rad/mm and varying `.
the crystal plane, see Fig. 4.4(b).
Similar to the previous case, an incoming Gaussian beam can be converted into a mode with
a radial wavevector of either kr or −kr. The recorded single count rate shown in Fig. 4.4(c)
illustrates a distinct difference between the blazed and binary axicon functions. The binary
function on SLM A transforms the incoming Gaussian mode into a BG mode with radial
wavevector of either kr or−kr, such that there is an equal probability of generating a photon
with a positive or negative kr value. Subsequently SLM B, encoded with the same function,
is also able to convert both BG modes (with wavevector components kr and −kr) into a
Gaussian mode. As a result, single count rates were observed for kAr = k
B
r and k
A
r = −kBr .
The OAM correlations for a particular binary axicon function are shown in Fig. 4.4(d).
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Figure 4.5: (a) Phase pattern at the plane of the spatial light modulator to define a binary Bessel
function of kr = 21 rad/mm and `= 1. (b) Bessel-Gaussian beam formed at the plane of the mirror
(crystal) by a binary Bessel function of kr = 21 rad/mm and `= 1 with a Gaussian input. (c) Density
plot of the single count rates measured in back-projection for different binary Bessel phase patterns;
varying kr with ` = 0. (d) Density plot of the single count rates measured in back-projection for a
particular binary Bessel function; kr = 21 rad/mm and varying `.
4.3.3 Binary Bessel function
The implementation of the binary axicon function confirmed that we indeed measured BG
modes. However, the axicon function acts only as an approximation to the Bessel function.
Therefore, the final phase pattern considered was that of a binary Bessel function:
T3(r,φ) = sign{J`(krr)}exp(i`φ). (4.3.4)
Here J`(·) is the Bessel function of the first kind. Although very similar to the binary
axicon function, Eq. (4.3.4) provides a more accurate description of an ideal Bessel beam.
The spacing between the rings of a Bessel beam generated from an axicon remain constant
with radial position, while the spaces of a theoretical Bessel beam vary in size as we move
radially outward from the centre, and subsequently depend on kr. The phase pattern and
CCD image of a binary Bessel function are shown in Fig. 4.5.
A measurable count rate is again obtained along the diagonal where kAr = ±kBr . How-
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Figure 4.6: Experimental setup used to detect the orbital angular momentum eigenstate after spon-
taneous parametric down-conversion. The plane of the crystal was relay imaged onto two separate
spatial light modulators (SLMs) using lenses, L1 and L2 (f1 = 200 mm and f2 = 400 mm), where the
Bessel-Gaussian modes were selected. Lenses L3 and L4 (f3 = 500 mm and f4 = 2 mm) were used
to relay image the SLM planes through 10 nm bandwidth interference filters (IF) to the inputs of the
single-mode fibres (SMF).
ever, the off-diagonal crosstalk is now less prominent, when compared with Fig. 4.4(c),
particularly surrounding kA,Br = 0. We have generated a BG mode with a better radial ap-
proximation, thus creating less overlap between the different radial wavevectors. The OAM
correlations for a particular binary Bessel function are shown in Fig. 4.5(d).
4.4 Down-conversion experiment and results
In spontaneous parametric down-conversion (SPDC), a nonlinear crystal pumped with a
laser beam generates pairs of entangled photons, which are then separately detected. Our
SPDC setup is shown in Fig. 4.6. A mode-locked laser source (Gaussian mode) with a
wavelength of 355 nm and an average power of 350 mW was used to pump a 3-mm-thick
type I BBO crystal to produce collinear, degenerate entangled photon pairs via SPDC. Using
a 4 f telescope, the plane of the crystal was imaged (2×) onto two separate SLMs which
are encoded with the BG transmission functions. The SLM planes were re-imaged (0.4×)
by a 4 f telescope and coupled into single-mode fibres, which support only the fundamental
Gaussian mode. The fibres were connected to avalanche photodiodes, the outputs of which
were connected to a circuit that gives the coincidence count rate. A comparison was made
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Figure 4.7: Comparison of the measurements recorded in back-projection, (a) & (b), with those
taken in down-conversion mode, (c) & (d). Density plots (a) and (c) both illustrate similar patterns
for the measurements taken with ` = 0 and varying kr. The orbital angular momentum correlations
are displayed in (b) & (d) for kr = 21 rad/mm.
between the back-projected and down-converted measurements, where we observe that the
two methods produce almost identical results for both the radial and azimuthal correlations,
see Fig. 4.7. Thus, back-projection provides an effective method in which to qualitatively
predict the down-conversion measurements. Ideally, back-projection could be used as a
simple technique to fully align the down-conversion system by reflecting the back-projected
light off the crystal. However, typically the non-linear crystal is cut in such a way that
requires a slight additional vertical tilt to achieve the phase matching conditions for collinear
down-conversion [41]. This minute change to the crystal orientation is significant enough
to misalign the back-projected beam (i.e. the reflected light does not couple into the other
fibre). Thus while we achieved good agreement between the back-projected and down-
converted results, we are unable to provide a full quantitative comparison.
The OAM bandwidth (also referred to as the spiral bandwidth) was measured as a func-
tion of the different BG phase patterns, and compared with the spiral bandwidth measured
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Figure 4.8: Graph of the measured coincidence count rate as a function of orbital angular momen-
tum for four different measurement schemes. The Bessel-Gaussian measurements were all measured
for kr = 21 rad/mm. The empty orange circles represent the measurements recorded for helical
modes. The blue squares represent the measurements recorded using a blazed axicon function. The
binary axicon function is represented by the green triangles and the measurements from the binary
Bessel function are illustrated by red circles.
in the helical basis. Due to conservation of angular momentum [9], a coincidence can only
be observed for `A + `B = 0, where `A and `B are the azimuthal indices of the functions
encoded in SLM A and B, respectively. These results are shown in Fig. 4.8.
The inefficiency of the binary phase pattern results in a decrease in the count rate for
both binary phase patterns. Our results show that the binary Bessel phase pattern produces
the largest full-width-half-maximum (FWHM) value of 21. The binary axicon function
gave a FWHM value of 17, while both the blazed axicon and vortex functions produced
OAM spectra with FWHM values of 15. These graphs were all measured for a particular
value of kr = 21 rad/mm.
In investigating the effect of the radial wavevector on the bandwidth, we focused only on the
binary Bessel function. Figure 4.9 illustrates the flattening of the OAM spectra when mea-
sured in the BG basis. We note that the broadening of the OAM spectrum is at the expense
of reducing the coincidence counts at low ` values. This in turn decreases the heralding
efficiency, which has an effect on the security of quantum key distributions. We found, due
to the spatial resolution of the SLMs, that there was a maximum limit for which kr could
be chosen. We therefore varied the radial wavevector from 0 to 35 rad/mm. We compare
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Figure 4.9: (a) Density plot of the modal spectrum in the Bessel-Gaussian basis for kr and `. The
efficiency of the coincidence count rate decreases as kr, however the full-width-half-maximum of the
bandwidth increases with kr, seen more clearly in (b). The coloured dashed lines in (a) correspond
to the profiles plotted in (b) for kr = 0 rad/mm (red), kr = 21 rad/mm (purple) and kr = 35 rad/mm
(green).
Figure 4.10: Effect of the radial wavevector on the Schmidt number. For kr = 0, the transmission
function corresponds to that of a vortex mode. An increase in the number of available orbital angular
momentum modes is observed as the radial component is increased. The experimental measurements
(red dots) together with a theoretical prediction (solid blue line) are plotted for ω0 = 0.5 mm and
ω1 = 0.23 mm.
the data in Fig. 4.9 to the theoretical Schmidt number of Eq. (4.2.13). In the case of BG
modes, the azimuthal Schmidt number is dependent on the value of the radial wavevec-
tor, as seen in Fig. 4.10. The experimental results are plotted together with a theoretical
prediction based on Eq. (4.2.13) and Eq. (4.2.15) for a collinear SPDC setup (ω0 = 0.50
mm, ω1 = 0.23 mm). It is clear that as the value of the radial wavevector increases, so
too, does the Schmidt number. These results are reminiscent of entanglement concentra-
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Figure 4.11: Sinusoidal behaviour of the normalised coincidence counts as a function of the angular
position of the holograms, for ` =±1 subspace at positions θA = 0 rad (blue), pi/4 rad (pink), pi/2
rad (green) and 3pi/4 rad (yellow). The insets show the holograms used for θA = 0 rad and θA = pi/4
rad, where the phase varies from 0 (black) to pi (white).
tion, where maximally entangled states are extracted from non-maximally entangled pure
states [14]. The increase in accessible OAM modes is advantageous for high-dimensional
entanglement, hence offering realisable applications in quantum information processing.
To verify that the quantum state produced in the SPDC process is entangled, we use it to
test a Bell-type inequality. The method described in Sec. 2.4.2 was applied here, where the
only difference arises from the displayed holograms. We fixed θA from Eq. (4.2.5) at four
different angles: θA = 0,pi/4,pi/2,3pi/4 radians, allowing θB to vary continuously from 0
to pi radians. We remind ourselves of the Bell parameter, as defined in Ref. [36], given by
S(θA,θB) = E(θA,θB)−E(θA,θ ′B)+E(θ ′A,θB)−E(θ ′A,θ ′B), (4.4.1)
where E(θA,θB) is determined from the measured coincidence counts at specific orien-
tations of each hologram. The Bell curves are shown in Fig. 4.11 for BG modes with
kr = 21 rad/mm. For the two-dimensional BG subspace of `= 1, we find the Bell parame-
ter in the CHSH inequality to be S = 2.78± 0.05 > 2, which violates the inequality by 15
standard deviations.
We also reconstructed the (two-dimensional) two-photon density matrix, as shown in
Fig. 4.12(a), in the BG basis for kr = 21 rad/mm and ` = ±1, using a full quantum state
tomography [37]. The purity of the state Tr(ρ2)was calculated as 0.981, where its closeness
to 1 indicates that the observed quantum state is close to a pure state. To quantify the mixture
of the measured state we calculate the linear entropy [130] SL = 4/3[1−Tr(ρ2)]. We find
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Figure 4.12: Results from a full quantum state tomography of a Bessel-Gaussian (BG) mode with
kr = 21 rad/mm. (a) & (b) Graphical representation of the real part of the density matrix for dimen-
sion d = 2 and d = 5, respectively. (c) Linear entropy and (d) fidelity as a function of dimension.
The red triangles represent the measured data for the azimuthal modes, the green squares represent
the measured data for the BG modes and the blue circles represent the threshold states in Eq. (13).
the linear entropy of our quantum state to be SL2 = 0.06 ± 0.01, indicating that our state is
close to a pure state (the linear entropy for a pure state is zero, whereas a completely mixed
state is charaterised by a linear entropy of one). The fidelity of the entangled BG modes
was also calculated, which is a measure of how close our reconstructed state ρd is to the
target state ρT = |ψT 〉〈ψT |. In our case the target state is the (pure) maximally entangled
state, |ψT 〉 = 2−1/2(|`〉s |−`〉i + |−`〉s |`〉i). We find a fidelity of F = 0.96 ± 0.01. These
results are indicative of entanglement of our BG modes.
Satisfied that the BG basis can be used to measure OAM entangled photon pairs, we then
performed high-dimensional state tomography measurements [97] from d = 2 to d = 6. For
d = 2 we use the OAM basis states |`〉 = ±1 to measure the probabilities for each pure
state (Eq. 4.2.3) and the superpositions (Eq. 4.2.5) thereof. The superposition states are
rotated by and angle of θ = pi/2 such that the phase between the modes assumes values
of {0,pi/2,pi,3pi/2}. Similarly for d = 3 we include the states |`〉 = {−1,0,1}, up to
d = 6 with the states |`〉 = {−3,−2,−1,1,2,3}. Using the measurement probabilities we
calculated a higher-dimensional density matrix (real part) for d = 5 in Fig. 4.12(b). The
constructed density matrices were used to compute the linear entropy and fidelity, with the
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results shown in Figs. 4.12(c) and (d), respectively. We found that the higher-dimensional
quantum states in terms of the BG modes for a particular kr have more entanglement (high
fidelity) than the quantum states in terms of azimuthal modes, while remaining relatively
pure (low linear entropy), as shown in Fig. 4.12(c) and (d). These measurements are com-
pared with the threshold states, introduced in Sec. 2.4.3. The fidelity values ranged from
F2 = 0.96 ± 0.01 to F6 = 0.79 ± 0.01 for the BG modes, while the values for linear entropy
were found to be SL2 = 0.06 ± 0.01 and SL6 = 0.35 ± 0.01.
4.5 Conclusion
We have used back-projection as an aid in designing a measurement scheme for probing
OAM correlations. By propagating a classical beam from one of the detectors onto the
plane of the crystal, we were able to examine three transmission functions for generating
and measuring modes with both helical and radial structures. We investigated the effi-
cacy of a blazed axicon, a binary axicon and a binary Bessel function in generating BG
modes. Only the binary Bessel function, resulted into Bessel-Gauss modes at the plane of
the crystal. OAM correlations in photons generated via SPDC were then measured using
these three transmission functions. The OAM bandwidth obtained from the use of both the
blazed and binary axicon transmission functions were similar to the OAM bandwidth ob-
tained when using spiral phase masks, which measure helical modes. However, using the
binary Bessel transmission function to measure BG modes, leads to a larger OAM band-
width and more usable OAM modes. The number of modes were shown to increase in a
tunable manner, with the minimum set by the LG case. We have successfully demonstrated
that BG modes are entangled in the high-dimensional OAM degree of freedom. The result-
ing high-dimensionally entangled states are closer to the appropriate maximally entangled
state compared to azimuthal modes. Such control of the experimental conditions results
in a higher information capacity per photon pair and allows for more states to be utilized
in quantum information processes. The only cost of the increased spiral spectrum of the
recorded modes is a lower coincidence count rate. Due to the particular interference prop-
erties of BG modes, entangled modes in this basis may offer increased robustness when
propagating through turbulent media. The finite space-bandwidth product of the SLMs
limits the achievable spectrum of the BG modes; however, alternative methods may offer
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further improvements in OAM entanglement with BG modes. This is useful for quantum
information and communication applications requiring entanglement in higher dimensions.
Stellenbosch University  http://scholar.sun.ac.za
Chapter 5
Self-healing of quantum
entanglement
Quantum entanglement between photon pairs is fragile and can easily be masked by losses
in transmission path and noise in the detection system. When observing the quantum entan-
glement between the spatial states of photon pairs produced by parametric down conversion,
the presence of an obstruction introduces losses that can mask the correlations associated
with the entanglement. In this chapter, we show that by measuring in the Bessel basis we
can overcome these losses, thus once again revealing the entanglement after propagation
beyond the obstruction. We confirm that, for the entanglement of orbital angular momen-
tum, measurement in the Bessel basis is more robust to these losses than measuring in the
usually employed Laguerre-Gaussian basis. Our results show that appropriate choice of
measurement basis can overcome some limitations of the transmission path, perhaps offer-
ing advantages in free-space quantum communication or quantum processing systems.
71
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5.1 Introduction
Quantum entanglement of the orbital angular momentum (OAM) modes has been demon-
strated by measuring in both the Laguerre-Gaussian (LG) [9] and Bessel-Gaussian (BG)
bases [131; 132]. Chapter 4 illustrated an increase in the number of accessible OAM modes
when measured in the BG basis, which lead to higher-dimensional entanglement. An in-
crease in dimension leads to improved security in quantum key distribution as well as in-
creased information capacity in quantum communication protocols [133; 134].
Unfortunately while photons are weakly interacting, their entanglement is nevertheless
fragile to the environment [135]. There have been a number of efforts in mitigating the
decoherence in quantum computers and information processes based on ion traps, nuclear
magnetic resonance and hyper-entanglement [136; 137; 138]. There have also been theo-
retical suggestions to recover lost entanglement [139], however it is yet to be demonstrated
experimentally. In the context of OAM modes the decay of entanglement has been both pre-
dicted [47] and measured [140] for atmospheric turbulence as an environment, with some
success in diminishing these effects [141; 142; 143].
Here we investigate the ability of OAM modes to recover the measured degree of en-
tanglement of the quantum state after encountering an obstruction. It is well known that
BG beams have the ability to self-heal after encountering an obstruction [144; 145]. An
obstruction placed in the path of one of the down-converted photons introduces an optical
loss such that the OAM entanglement, as witnessed by the Clauser Horne Shimony Holt
(CHSH) inequality, is obscured. We then show that by measuring in the BG basis the clas-
sical self-healing of the Bessel profile gives a higher signal and the OAM entanglement is
once again revealed. We demonstrate a dependence of the calculated concurrence of the
quantum state on the location of the obstruction within the propagation path, and find that
this is in agreement with the classical self-healing distance of BG beams. We thus find that
even when applied to single photons, this self-healing property of the Bessel beam allows
us to overcome the losses associated with the obstruction such that the spatial correlations
can be measured with sufficient fidelity to reveal the quantum entanglement of the photon
pairs.
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5.2 Bessel beams
In the previous chapter, we introduced Bessel beams as a class of nominally propagation
invariant solutions to the Helmholtz equation [126]. A laboratory approximation to these
fields, Bessel-Gaussian beams, have similar properties over finite distances [128], including
their ability to reconstruct both in amplitude and phase after encountering an obstruction
[144; 145]. Although this property has been studied using classical light and single photons
[146], it may also be applicable in quantum processes.
Higher-order Bessel and BG beams have helical wavefronts and carry OAM [127]. We
demonstrated in the previous chapter that entanglement of the OAM modes in the BG basis
offers a wider spiral spectrum as compared with the LG basis [131]. We described these
beams as a superposition of plane waves with wave vectors that lie on a cone [128]. The
electric field of a scalar BG mode of order ` is given by
EBG` (r,φ ,z) =
√
2
pi
J`
(
zRkrr
zR− iz
)
exp(i`φ − ikzz)exp
(
k2r zw
2
0−2kr2
4(zR− iz)
)
, (5.2.1)
where ` is the azimuthal (mode) index (a signed integer); J`(·) is the Bessel function of the
first kind; kr and kz are the radial and longitudinal wave vectors, respectively. The initial
radius of the Gaussian profile is w0 and the Rayleigh range is zR = piw20/λ , where λ is
the wavelength of the BG mode. A BG beam has a finite propagation distance, zmax, over
which it is said to be nominally non-diffracting, shown as the shaded diamond-like region
in Fig. 5.1 [147]. In this region the incoming plane waves are refracted through an axicon
(conical lens) and interfere to form the BG beam. The resulting wave vectors lie on a cone
of angle θ = arcsin(kr/k). Using simple geometric arguments, the maximum propagation
distance is defined as zmax = 2piw0/λkr, where sin(θ)≈ θ for small θ . If an obstruction of
radius R is placed in the BG field, a shadow region is formed (see Fig. 5.1). However, those
plane waves that bypass the obstruction will again interfere to form a BG beam [144; 145].
The distance after which the field will recover is given by
zmin ≈ Rθ ≈
2piR
krλ
, (5.2.2)
and is determined from purely geometric arguments [148]. The insets in Fig. 5.1 show the
effect of an obstruction on expected BG field at different planes.
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Figure 5.1: Self-healing property of Bessel-Gaussian (BG) beams. The BG beam is generated using
a computer-generated hologram of an axicon (yellow triangle) and exists in a finite region, zmax (pink
diamond). An obstacle placed in the centre of the BG region (black rectangle) obstructs the beam
for a minimum distance, zmin (grey triangle), after which the BG field reforms. The insets display
the expected image of the beam at four different planes.
5.3 Setup
We generated the BG modes by encoding a phase-only hologram onto a spatial light mod-
ulator (SLM) [129; 149], using the same transmission function as in Sec. 4.3.3, written
as
T (r,φ) = sgn{J`(krr)}exp(i`φ), (5.3.1)
where sgn{·} denotes the sign-function. In the following experimental results, we generated
a BG mode with kr = 30 rad mm−1.
Our experimental setup, shown in Fig. 5.2, consisted of identical components described
throughout this thesis, but with one addition. A glass plate with a circular obstruction with
a 200 µm radius was placed after the crystal in the path of the down-converted light and
mounted on a z-axis translation stage. The coincidence count rate was measured as before;
SLMs projected the photon into a particular state, where after single-mode fibres (SMFs)
together with avalanche photo-diodes (APDs) delivered a signal to a coincidence counter.
The experimental setup in Fig. 5.2 was first aligned in back-projection mode, where a
classical laser source was connected to one of the SMFs to allow light to propagate through
the system in reverse. In Sec. 2.3.1, this method was shown to be useful in examining
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Figure 5.2: Experimental setup. The setup shown was used to measure the effect of an obstruction
in the path of the down-converted light. (a) A UV laser source pumped a type-I barium borate
(BBO) crystal to produce pairs of entangled photons via spontaneous parametric down-conversion.
The crystal plane was imaged onto two separate spatial light modulators (SLMs) using lenses L1
( f1 = 200 mm) and L2 ( f2 = 400 mm). Each SLM plane was again imaged to the input of a single-
mode fibre using lenses L3 ( f3 = 500 mm) and L4 ( f4 = 2 mm). (b) Down-converted beam at the
plane of the crystal. (c) A circular obstruction (radius = 200 µm) was placed between the crystal
and lens L1, in the path of the down-converted light.
the conditional probability distribution of the coincidence count rate [132]. Fibre A was
disconnected from one of the APDs and reconnected it to a continuous light source at λ =
710 nm. The classical light was directed onto SLM A and imaged to the crystal plane via
lenses L1 and L2. Images of the obstruction were recorded by placing a mirror between
the crystal and obstruction and a CCD camera at the plane of the crystal. Classical images
of the self-healing property are shown in Fig. 5.3 for both the BG (Fig. 5.3(a-d)) and LG
(Fig.5.3(e-h)) modes, where the unobstructed BG and LG modes are shown in Fig. 5.3(a)
and (e), respectively. We calculated the maximum propagation distance of the BG field as
zmax = 169.6 mm. The obstruction was first placed at the plane of the crystal, which is
clearly shown in both Fig. 5.3(b) and (f). It was then moved 20 mm away from the crystal
plane, shown in Fig. 5.3(c) and (g). The final images, Fig. 5.3(d) and (h), were taken 50
mm away from the crystal. It is clear the BG mode has reformed at 50 mm, while the LG
mode has not resumed it’s original structure. In a typical self-healing experiment [145],
the obstruction is placed at a fixed position in the path of the beam and the CCD camera
is moved such that the subsequent planes behind the obstruction can be imaged. However,
an identical effect is seen if the CCD camera remains fixed, imaging one particular plane,
and the obstruction is moved away from that plane. This is illustrated in Fig. 5.4, where
we consider back-projected light directed from the SLM to the crystal. The obstruction is
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Figure 5.3: CCD images of the crystal plane for different on-axis obstruction positions. Images for
a Bessel-Gaussian (BG) mode (a-d) and a Laguerre-Gaussian (LG) mode (e-h) with azimuthal index
` = 2. The unobstructed modes are shown in (a) and (e). The obstruction was first placed at the
plane of the crystal, which is clearly shown in both (b) and (f). It was then moved 20 mm away from
the crystal plane, shown in (c) and (g). The final images, (d) and (h), were taken 50 mm away from
the crystal. It is clear the BG mode has reformed at 50 mm, while the LG mode has not resumed it’s
original structure.
Figure 5.4: Movement of the obstruction within the Bessel-Gaussian (BG) region. Consider the
back-projected beam reflecting off the spatial light modulator (SLM) onto the barium borate (BBO)
crystal. The Bessel hologram on the SLM creates a beam with a particular cone angle. (a) The
obstruction is at the closest position to the crystal, resulting in a clear shadow region falling on the
crystal. (b) The obstruction is moved away from the crystal, reducing the shadow region. (c) The
obstruction is moved further away such that the shadow region no longer falls on the crystal and a
recovered BG image is seen (Fig. 5.3(d)).
moved away from the crystal toward lens L1. As the obstruction moves, the shadow region
falling on the crystal becomes less significant until finally it no longer falls on the crystal
and the recovered mode is observed as shown in Fig. 5.3(d).
From equation. (5.2.2), we calculated a minimum self-healing distance of approxi-
mately 29 mm for R = 200 µm and kr = 30 rad mm−1. After a distance, the obstructed
BG mode demonstrated a restored structure, while the LG mode showed no self-healing.
The BG field reconstructed after zmin as expected.
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Figure 5.5: Effect of an obstacle on the coincidence count rate. Measured coincidence count rates
as a function of the position of the obstruction after the barium borate crystal for a Bessel-Gaussian
(BG) (green squares) and Laguerre-Gaussian (LG) (purple circles) mode for |`=±2〉 subspace.
The BG mode with kr = 30 rad mm−1 is expected to reconstruct after an obstruction with radius,
R = 200 µm, after a distance of approximately 29 mm (yellow dashed line). The coincidence count
rate remains consistently low when measured in the LG basis (purple dashed line). The count rates
were averaged over a set of 10 measurements, each taken over an integration period of 5s. Errors
were estimated assuming Poisson statistics for the photon counts given as a standard deviation.
The setup was then returned to down-conversion mode (both SMFs were connected
to their respective detectors) to investigate the effects of the obstruction on two-photon
quantum correlations. As OAM is conserved in SPDC [9], we chose to first project the
signal and idler photons into the |`=±2〉 basis elements, respectively. The coincidence
count rate of this BG state, unobstructed, was measured to be approximately 140 s−1. The
obstruction was initially inserted 5 mm after the BBO crystal, the closest it could be place
due to the size of the crystal housing, and moved in subsequent intervals of 5 mm away from
the crystal. Slight adjustments were made to the position of the obstruction until a minimum
count rate was measured, causing the coincidence levels to be reduced to background levels.
At each position coincidences were recorded; a comparison of the coincidence count rates
for the BG and LG modes is shown in Fig. 5.5. The count rate for the BG mode increased
significantly after a distance of 25 mm, which is consistent with our calculation of zmin ≈ 29
mm. Conversely, the count rates for the LG mode showed no measurable change with
distance, illustrating the unique self-healing property of BG modes. The coincidence count
rate of the BG mode was not restored to the original, unobstructed rate, as there is a loss
due to the obstacle. This is also consistent with the classical scenario where the self-healed
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Figure 5.6: CHSH-Bell measurements. (a) Normalised coincidence count rate as a function of the
orientation of the hologram on spatial light modulator B. Hologram A was oriented at 4 different
angles: 0 rad (blue curve), pi/8 rad (yellow curve), pi/4 rad (green curve) and 3pi/8 rad (red curve).
The measured count rates were normalized by the denominator in equation 2.4.7. The typical sinu-
soidal Bell-curve was measured with the obstruction placed in the propagation path at 45 mm from
the crystal. Examples of the binary Bessel holograms (|`=±2〉) used to perform a CHSH-inequality
experiment are shown in the insets (b-e).
BG beam has proportionally less energy after the obstacle than before.
5.4 Measuring the degree of entanglement
The recovery of the BG coincidence count rate does not in itself give an indication of the
effects the obstruction has on the degree of entanglement of the state. To investigate the
measured degree of entanglement we first performed a Bell-type inequality experiment on
the reformed state with the obstruction located 45 mm from the crystal to test for quantum
correlations. The superposition of OAM states, also known as sector states, for |`=±2〉
subspace were rotated on each SLM [36] and the corresponding coincidence count rates
were recorded, shown in Fig. 5.6(a).
From the count rates we calculated the CHSH-Bell-parameter to be S = 2.78± 0.04,
which is a clear violation of the CHSH-Bell inequality [2]. This value of S can be com-
pared with the unobstructed value of S = 2.79± 0.03. The low coincidence count rate
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Figure 5.7: Reconstructed density matrices from full state tomography measurements. The density
matrices are shown for dimensions d = 2 (a - c) and d = 4 (d - f). Real and imaginary parts of
the reconstructed density matrices for (a) & (d) no obstruction, (b) & (e) obstruction placed 5 mm
from the crystal and (c) & (f) obstruction placed 45 mm from the crystal. It is clear that the density
matrix recovers to the original unobstructed form for a two-dimensional state as well as higher
dimensional states. The density matrices were calculated by measuring an over-complete set of
modes and applying a maximum likelihood estimation using a least squares fit to the measurements.
This optimisation technique ensures a density matrix with non-negative eigenvalues and a trace of
unity.
recorded when the obstruction was 5 mm from the crystal resulted in a low contrast Bell
curve, from which the S-parameter could not be calculated. This prompted us to perform
a full state tomography experiment [150] to determine the degree of entanglement of the
state. Figure 5.7 shows the real and imaginary parts of the reconstructed density matrices
for dimensions d = 2 for |`=±2〉 and d = 4 for |`= {−2,−1,1,2}〉. The unobstructed
density matrices for d = 2 and d = 4 are shown in Fig. 5.7(a) and (d), respectively. When
the obstruction was placed near the crystal, the density matrices in both cases change signif-
icantly such that the inner dominant probabilities are reduced and the outer terms become
non-zero, Fig. 5.7(b) and (e). However, once the obstruction was moved beyond the zmin
distance, both density matrices return to their original form, Fig. 5.7(c) and (f).
From the density matrices, the concurrence of the state was calculated. Concurrence
is a measure of entanglement, with a range from 0 (no entanglement) to 1 (maximally en-
tangled) [151]. The concurrence can only be calculated for two-dimensional subspaces,
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Figure 5.8: Comparison between an obstructed and attenuated beam. Measurements of the coinci-
dence count rate, quantum contrast and concurrence of obstructed (a-c) and attenuated (d-f) entan-
gled photons for |`=±2〉. The obstruction was moved in 5 mm intervals along the propagation axis,
at which the measurements were recorded. The dashed yellow line represents zmin, the calculated
distance at which recovery is expected (recovery is not expected within the yellow shaded region).
A polariser was rotated to attenuate the coincidence count rate and vary the degree of transmission
from 0 (background levels) to 1 (unattenuated and unobstructed). The coincidence count rates and
quantum contrast represent the average of 10 measurements. The average error for the concurrence
is ±0.01, which is calculated by generating additional data sets by adding √Ci fluctuations to the
measured coincidence counts Ci and then repeating the concurrence calculations described in the
text. The unobstructed concurrence value is represented by the blue dashed lines.
so we considered two different OAM subspaces, |`=±2〉 and |`=±4〉, to demonstrate
the self-healing property holds for higher OAM modes. The unobstructed BG mode for
subspace |`=±2〉 (|`=±4〉) generated an average quantum contrast (see Methods) of
QC= 43.2±2.0 (QC= 41.7±2.0) and a concurrence of C= 0.95±0.02 (C= 0.94±0.02).
When the obstruction was placed 5 mm from the crystal, the concurrence dropped to C =
0.40±0.02 (C= 0.43±0.02), but recovered to a value of C= 0.94±0.02 (C= 0.91±0.02)
at 50 mm from the crystal. The results for the coincidences, quantum contrast and concur-
rence of the |`=±2〉 entangled photons are shown in Fig. 5.8(a) through (c), respectively.
All three graphs display similar trends, where the values increase after a minimum distance
represented by the yellow dashed line. As in the classical case, where energy is lost in
the recovered field, the coincidence counts also do not fully recover to the original unob-
structed rate. Consequently, the recovered quantum contrast does not return to the unob-
structed value, as the accidental count rate remains fairly constant with the insertion of the
obstruction.
From the high-dimensional density matrices in Fig. 5.7, we calculated the fidelity of the
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states. Fidelity is a measure of how close the measured state is to a maximally entangled
state, where a perfectly entangled state will have a fidelity of unity with the maximally en-
tangled state. We have extended this demonstration to higher dimensions by reconstructing
the density matrices for dimension d = 4 where |`= {−2,−1,1,2}〉. The reconstruction
process via full state tomography is time consuming and thus only one high-dimensional
state was chosen. The density matrices for different placements of the obstruction are shown
in Fig. 5.7 (d - f). Table 5.1 shows the fidelity measurements recorded at different positions
of the obstruction from the crystal.
Table 5.1: Measured fidelity at different obstacle positions from the crystal
Dimension 5 mm 15 mm 30 mm 50 mm Unobstructed
2 (|`=±2〉) 0.24 0.59 0.79 0.96 0.97
4 0.20 0.45 0.68 0.75 0.79
The measured fidelities for both dimensions recover to their relative unobstructed val-
ues. Fidelity decreases as the state dimension increases, however the recovered fidelity for
d = 4 lies above the threshold states, which are defined by the minimum probability for
which a high-dimensional Bell inequality is violated [99].
We have therefore demonstrated that the self-healing property of Bessel beams, even
when applied to single photons, can overcome the losses associated with an obstruction,
allowing sufficient measurement of the spatial correlations to reveal the quantum entangle-
ment of the photon pairs.
5.5 Discussion
Our results show that by making projective measurements in the BG basis, we were able
to recover the reduction in the measured degree of entanglement resulting from the losses
introduced by the obstruction. By comparison, when the LG measurement basis is chosen,
the entanglement is not recovered. From the density matrices, we see that while the ob-
struction perturbs the system, when measured beyond the minimum self-healing distance
the density matrix reverts to the original unobstructed form. Comparing the graphs of the
coincidence count rates and concurrence in both experiments, we observe a similar trend:
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the degree of entanglement is low for low coincidence count rates and then increases with
the count rate. It appears that the off-axis obstruction does not destroy the entanglement by
scattering a particular OAM state into many OAM states, as observed in turbulence related
experiments [140], but rather decreases the measured degree of entanglement by reducing
the two-photon count rates to background levels. For completeness, we also measured the
response of an unobstructed BG mode in the presence of attenuation. By rotating a polariser
in the path of the down-converted light, the transmission of the photons could be varied from
background levels (≈ 0 transmission) to normal conditions (transmission of 1). The coin-
cidence count rate, quantum contrast and concurrence for various transmission values are
shown in Fig. 5.8(d) through (f), respectively. The quantum contrast (Fig. 5.8(b)) suggests
that the obstacle blocks one of the entangled photons, thus diminishing the coincidence rate
but maintaining a high single-photon count rate. However, the attenuated quantum contrast
remains fairly constant unlike that of the obstructed beam. The attenuation reduced the
count rates for both the single and coincidence counts proportionally, thereby maintaining a
constant quantum contrast ratio. The obstruction on the other hand reduced only the coinci-
dence count rate and in turn, the quantum contrast. The entanglement is therefore obscured
by the noise. The correlations are recovered beyond the minimum distance after the obsta-
cle because the mode itself recovers, thus increasing the signal at the detector because of
an improved overlap between the hologram and the projected mode. Interestingly, the mea-
surement choice is made after the photons have encountered the obstacle. By contrast, in a
classical experiment, the mode is chosen or generated before interacting with the obstacle.
In conclusion, we have exploited the self-healing property of Bessel-Gaussian modes
in a quantum entanglement experiment to recover the reduction in the measured degree of
entanglement. We showed that the coincidence count rate is reduced in the presence of an
obstacle, but that the count rate recovers after a particular distance due to the self-healing
feature of BG modes. This trend was similarly reported for the degree of entanglement of
the quantum state, where the concurrence of the obstructed mode returned to it’s original,
unobstructed value. These results may be useful for quantum key distribution and quantum
communication systems, where preservation of entanglement over long distances and in the
presence of an obstruction is crucial.
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Conclusion
The work in this thesis investigated the potential of orbital angular momentum (OAM) en-
tanglement of photons in the realm of high-dimensional entanglement by tailoring both the
generation and measurement parameters. The possibility of accessing an infinite number of
modes provides OAM entanglement with a significant advantage over polarisation entan-
glement. In Chap. 2 we described and demonstrated, for the first time in South Africa, the
experimental procedures involved in the generation and measurement of two-dimensional
OAM entanglement. Further, we verified important quantum tests such as the Einstein,
Podolsky and Rosen (EPR) paradox using OAM and angle correlations. We showed a
violation of a Bell-type inequality and fully characterised our state by performing a quan-
tum state tomography. High-dimensional entanglement is a requirement for most quantum
information processes. We demonstrated how to tomographically reconstruct the density
matrices for high-dimensional states. This process allows the quantum state to be fully
characterised and as such allows the suitability of the state for specific applications to be
precisely determined. Unfortunately, the number of accessible OAM modes are bounded
by experimental techniques used to generate and measure OAM entanglement. In light of
this, we aimed to investigate new methods in which to increase the spiral bandwidth of our
generated quantum state.
We first demonstrated the effect of the pump shape on both OAM and angle correlations
using an OAM superposition state. Our results suggest that more complicated pump modes
may be used to engineer entangled OAM states for particular applications.
We noted that typical OAM entanglement schemes use helical modes, which ignore the
83
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radial component of the Laguerre-Gaussian (LG) modes, as a measurement basis. This lead
us to explore alternative modes with the ability to carry OAM. The Bessel-Gaussian (BG)
basis not only carries OAM but has a continuous scalable radial component, which can be
varied to optimise the measured spiral bandwidth. We demonstrated entanglement of BG
modes for the first time and our results show that the spiral bandwidth can be made wider
and flatter by simply changing the radial component. Consequently, we were able to show
that BG modes can be entangled in higher dimensions than helical modes by calculating
and comparing the linear entropy and fidelity for both modes. We also showed that quantum
entanglement can be accurately simulated using classical light using back-projection. This
experimental tool allows us to study projective measurements (helical or BG) and predict
the strength of the coincidence correlations in an entanglement experiment. In particular,
we used back-projection to examine different projective BG holograms before choosing the
optimal hologram for our entanglement experiment.
Lastly, we combined the effect of a perturbation on OAM entanglement with BG pro-
jective measurements. Classically, BG beams are known to self-heal after encountering an
obstruction. We therefore investigated this property in the single photon regime by placing
an obstruction in the path of the down-converted photon pairs. The obstruction was placed
at different positions relative to the non-linear crystal and a full state tomography was per-
formed at each position to reconstruct the density matrix. We calculated the concurrence
from each density matrix and showed that the concurrence increases from a mixed state to
a highly entangled state when the obstruction is placed a particular distance away from the
crystal. The distance at which the measured entanglement recovered is consistent with that
observed in classical experiments.
In this thesis, we aimed to introduce OAM entanglement by examining the techniques
used to generate, measure and detect entangled photons. This is a relatively young field in
which there are a number of areas for improvement. We have sought to add to this field
by demonstrating new measurement techniques and providing a quantified look at OAM
entanglement robustness when perturbed.
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6.1 Future Work
This thesis has investigated OAM entanglement in the BG basis. We would now like to
apply this beneficial measurement basis to specific applications in the hope of improving
upon existing results in the LG basis. In particular, we aim to implement the BG modes
in two applications that we have recently demonstrated with LG modes. The first being
an experimental study of high-dimensional quantum key distribution protocols based on
mutually unbiased bases.
Mutually unbiased bases (MUBs) [152; 153; 154] have found many applications, for
example in quantum state tomography [154; 155; 156; 157] and quantum error correction
codes [158; 159] and also appear useful in QKD protocols. This is because projective
measurements in one basis provides no knowledge of the state in any of the other bases
[160; 161; 162]. Therefore if an eavesdropper measures in the incorrect basis he/she will
obtain no meaningful information but instead introduce a disturbance in the system, re-
sulting in its detection. The simplest example of MUBs of dimension d = 2 are the hori-
zontal/vertical, diagonal/anti-diagonal, and left-/right-handed polarization bases as they are
unbiased with respect to each other, forming a set of three MUBs. Although MUBs of-
fer security against eavesdropping, encoding states in the polarization degree of freedom
only allows a maximum of one bit of information transmitted per photon which results
in a limited key generation rate. Since systems with higher-dimensional Hilbert space can
store more information per carrier, the question arises whether QKD protocols using higher-
dimensional MUBs also result in higher generation rates of secure key bits; indeed, such
protocols can be expected to be more robust in terms of abstract noise measures [163; 164].
We continued our investigation into alternative projection bases by using high-dimensional
MUBs in the OAM degree of freedom to study quantum key distribution protocols [165].
The choice of MUBs was obtained by assuming that the standard basis, {|0〉, |1〉, · · · , |d−
1〉}, is realised by single-photon states that correspond to an elementary excitation of Laguerre-
Gaussian (LG) modes carrying an OAM value of `h¯. The Shannon information for d = 2, 3,
4 and 5 is calculated to be I(A:B) = 0.9999, 1.313, 1.478 and 1.487, respectively (depicted
by the green data points in Fig. 6.1), while the Shannon mutual information increases mono-
tonically, it seems to level off for d = 4 and 5. On the other hand rmin first increases and
then decreases for d = 5. This means that we have reached a finite limit on the dimension in
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Figure 6.1: The Shannon mutual information I(A:B) (green) and the secret key rate rmin (blue)
plotted as a function of the dimension.
which the protocol can encode, while still resulting in higher generation rates per photon.
The difference between these two quantities (I(A:B) and rmin) is the mutual information be-
tween Alice and Eve, in other words the information that is shared between Alice and Eve
(denoted by the red lines in Fig. 6.1). By increasing the dimension, we achieved increased
information capacity as well as higher key generation rates per photon, which is crucial in
quantum communication protocols.
We plan to repeat our MUB experiment, using BG modes to generate the standard basis,
in the hope of improving upon our previous results. In particular, we would like to minimise
the mutual information between Alice and Eve (the sender and the eavesdropper), that is
reduce the information passed onto an unwanted party.
The second application investigates the effects of atmospheric turbulence on an entan-
gled state in the OAM basis. One of the biggest challenges that confronts the use of OAM
photon states for quantum communication is the distortion of the modes during transmis-
sion over large distances. OAM encoding is incompatible with single mode optical fiber,
because it only supports modes with zero OAM. An alternative is to use free-space com-
munication. However, OAM modes suffer distortion due to the scintillation process that
the photon pair experiences while propagating through the turbulent atmosphere, which
negatively affects their entanglement. Moreover, in a practical communication system the
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information would be encoded in terms of a finite number of OAM basis elements (say for
example {|−1,−1〉; |−1,1〉; |1,−1〉; |1,1〉} in the qubit case). As such the quantum infor-
mation is restricted to a proper (finite dimensional) subspace of the complete OAM Hilbert
space. Although the quantum state of the photon pair is initially prepared to lie completely
within the information encoding subspace, scintillation generally causes the state of the
photon pair to be partially transferred to the orthogonal compliment. The result is a loss of
information in the photon field.
Previous theoretical studies of the effects of atmospheric turbulence on the OAM modes
have considered the effect of turbulence on the detection probability of OAM modes [48;
49; 166], the attenuation and crosstalk among multiple OAM channels [167] and the decay
of entanglement for bipartite qubits [53; 168]. These studies are all based on the Paterson
model using a single phase screen [166]. We investigated numerically and experimentally
the decay of OAM entanglement of photon pairs propagating in a turbulent atmosphere
modelled with a single phase screen with particular focus on the effect of turbulence on
different OAM modes [140]. We used the tomographic tool highlighted in Chap. 2 to re-
construct the density matrices of OAM qubit states propagated through turbulence. By using
the expression of the Fried parameter [169], we find that the distance scale at which OAM
entanglement decays as a function of ` is
Ldec(`)≈ 0.06λ
2`5/6
w5/30 C2n
, (6.1.1)
where λ is the wavelength of the entangled photons, w0 is the width of the beam and C2n
is the refractive-index structure constant. Thus for a practical free-space quantum com-
munication system using OAM modes as qubits, the distance between repeaters should be
shorter than Ldec(`). For example, if one would send OAM entangled photons in a beam
with w0 = 10 cm, a wavelength of λ = 1550 nm, on a horizontal path in moderate tur-
bulence conditions (C2n = 10
−15 m−2/3), the entanglement between the photons will decay
around the distances shown in Table 6.1 for the different values of `.
We notice in Table 6.1 that the distance scale at which entanglement decays is relatively
short even in moderate turbulence. The implementation of BG modes may display an in-
creased robustness through turbulence, thereby increasing the propagation distance of OAM
entangled photons.
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Table 6.1: Distance scale at which entanglement decays for OAM entangled photons in a beam with
w0 = 10 cm, a wavelength of λ = 1550 nm, on a horizontal path in moderate turbulence (C2n = 10−15
m−2/3).
` 1 3 5 7
Ldec(km) 6.7 16.7 25.6 33.7
Of course, a logical next step in understanding the effects of turbulence on entangled
states, is to propagate the photons through a "real-world" thick turbulence cell. For example,
a wind tunnel would provide a substantial distance in which the strength of the turbulence
could be manually controlled without additional environmental factors such as humidity.
Although we would expect to observe similar results obtained in the laboratory, one of the
challenges would lie in the alignment of the entanglement setup over a distance of a few
kilometres. Previous experiments have demonstrated quantum communication based on
entanglement over 144 km of free-space [170]. However, polarisation-entangled photons
were used, which are known to be more resilient against turbulence than those entangled in
OAM. This experiment would be a step toward propagation between two external stations.
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